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Outline of the talk

* Normal form theory
— Non-conservative, nearly integrable systems
— Close to (non-)resonant initial conditions

* Stability estimates
— Proofs (sketched)
— Linear stability vs. exponential stability
— Theorem

* Possible applications
— Stability estimates in Celestial Mechanics
— Normal form solutions as reference solutions
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Normal form theory

Consider the system of ODEs:

X =w(y)+&hoy(y, x, 1)+ pt for (v, x, 1) (1)
y = —& th,x(ya X, t) + lu(g()l (ya X, t) _ n(ya X, t))

With the notation: h;;  for gou 7 (analytic functions):
ye AcR”" (x, 1) e T"*! ceR; uelR,
We are looking for a transformation:
(X,Y)=E,NMoBM(x, y)

To write (1) in normal form coordinates (in the best case):

X = Q(Y) + On s Y = On+1

normalized frequency higher order terms



The change of coordinates

The explicit form of the transformation
(normalization order N):

N
x =X+ ZWjO,y(ya xa t) Sj

Original to P

intermediate
variables:

N
y = j} + ijo,x(j}a X, t) gj
j=1

Intermediate to
final (normalized)

variables: N_om o
Y=5+ ), ) Bujf(3n 2 D) " i



The normal form equations

The normal form equation for the conservative contributions:

WY Yo (Y, X, ) + 0, Y, X, )+ LY, X, )=0
The pair of dissipative normal form equations:
wy(Y)au—; ;i (Y, X, t)+a, (Y, X, 1)+
wy(Y) B j(Ys Xo ) + f i (Y, X, 1) =0
Wy (Y) B jx(Ys X, 1) + B ji (¥, X, ¥) + & (Y, X, ) =0

The notation:
L=, X, 0=L;(")+ Ly, X, )+ L7, X, 1)

gn-j "V, X, =80 i (V) + 8 Y. X, D+ 8, X, X, 1)



The generic solutions

Poisson series of analytic functions with two parameters:

u
n(Y
(k,m)eUcz™! ¥

The generic form of the solutions:

bim . Cim Tiem(Y) —i (X -k+m?)
2. e n (X)) -k+m) €

(k,m)eU cZ"!

Aiems dk,m e C" bkma Cikm € Z+ Pkms> 9km> Vkm (POlynomial)

The non-resonance condition:
Kel, |kl +1ml <K



The normal form 1/ 4

The equation for Y:

(,()y(Y) ﬁm—j,j,x(Ya Xa t) + ﬁm—j,t(Ya Xa )7) +
(8- f ) + B Y, X, )+ B [ O X, ) =) = O

Depending on the generic form of eta...

N m n=n, X, t)=n(y, x, 1)
U:ZZUm—j,j nn=n)=ny)
m=0 j=0 n =n, =const.

...we get different kinds of normal forms:

X =0M; 6 w+FN0, X, 0+ F,, X, 1) + Oy (e, )
Y =GN, X, 0+ G, MY, X, 1) + Oy (e, p)



The normal form 2/ 4

The equation for Y:

(,()y(Y) ﬁm—j,j,x(Ya Xa t) + ﬁm—j,t(Ya Xa )7) +
(8- f ) + B Y, X, )+ B [ O X, ) =) = O

Depending on the generic form of eta...

N m n=nl, X, ) =n(y, x, 1)
U:ZZUm—j,j n=n)=n(y)
m=0 j=0 n =n, =const.

...we get different kinds of normal forms:

X =0, w+ FY, X, 0+ F,YY, X, 1)+ Oy (e, )
Y =GV, X, 1)+ Oysi(e,



The normal form 3/ 4

The equation for Y:

(,()y(Y) ﬁm—j,j,x(Ya Xa t) + ﬁm—j,t(Ya Xa )7) +
(S j V) + B j J Vs X D) 4 B O X 1) = 1) = 0

Depending on the generic form of eta...

N m n=nY, X, t) =n(y, x, 1)
n= Z Zﬂm—j,j = =n(¥) =n(y)
m=0 j=0 \n =n, =const. |

...we get different kinds of normal forms:

X =0"(Y; e, )+ Onsi(e, p
= G,M(Y) + Oyi(s, p)



The normal form 4/ 4

The equation for Y:

(,()y(Y) ﬁm—j,j,x(Ya Xa t) + ﬁm—j,t(Ya Xa )7) +
(8- f ) + B Y, X, )+ B [ O X, 0) =) = O

Depending on the generic form of eta...

N m n=nl, X,t)=n(y, x, 1)
U:ZZUm—j,j nn=n)=ny)
m=0 j=0 n =n, =const.

...we get different kinds of normal forms:

X =Q™(Y; e, u) + Onii(e, p)
Y = Op4i(e, 1)



The Hamiltonian in normal form

The Hamiltonian in normal form coordinates (mu=0) :
HN, X, 0 =h(Y;8) + T + b, X, 1;8) + Oy (8)

dH,™
aY

dH,™)
dX

FMY, X, 1) = G VY, X, 1) =-

The total time derivative (mu>0) :

d HW) aHr(N)Y 5Hr(1\’)X
dr oy T Tax YT e 1T o

Including the dissipative normal form equations:

oHN . 9H,M .
T f

d Hr(N)
dt

=¢n(Y, X, 1) + Oy



Stability estimates

The normal form equation for the action Y:

Y: GS(Ya Xa t)+FN(>K,y)(Y9 Xa t)+FN+1(Y9 Xa t)

We want to bound the time developement in the actions:
| y@) = yO) || =l y@)=Y@) I+ Y@ —-YQO) |+ Y(O)— yO) |l

The variation due to the | y(O)=YO) || =y
transformation: 1 y(@®) = YD) =ry

The variation of the actions due to the normal form dynamics:

| Y(t) - Y(0) | st'||Gg||+||F<>K’y>||+||FN+1||ds



Upperbounding norms

Simple expressions to bound the norms (79 = max(e, u)):
| FEKD || < 1p €D oK | Fyor Il = C® gyt

The choice of N makes the remainder exponential small:

7T0N — e—KT()

Nllognmyl =—-K 1

KTQ
| log 7y |

N =

We get the bound on the remainder and “ultraviolet part”:

| FEEI N+ | Fy Il < Cy mpV ™ < e7% 7



Exponential stability
We bound the integral (Cy = CY + C?):

1Y () = Y(O) || < CyﬂoN“-HflnglldS
0

In the non-resonant case (remaining integral is zero)...

r _ r
rn
with =2ri+r and C, =
Lo 1 2 ¢ Cy o

...we get the local stability result:
| y(#) = y(0) || = po for t<Cet™



Resonant initial conditions
The resonant construction gives:
G Y, X, t)=—epy(Y, X, t;8) F, NV =pus¥, X, ;6 p
The stability proof relies on the conservation of the energy:

d H™N)
P =&gupxs+...

In general we only get linear stability (C;, C;, C3, C4 constant):

%HAYHZ <26||AY || +Ci 7" 1+ Creut+£ Cs+ Cymp”

(linear stability time): |l px |l |l s]] =G

(exponential stability time): |l px Il llsll=0= px =0 o0ors =20



Theorem-1

Consider the vector field (1) defined on A x T" 1 andlet D c A be
such that for any y € D the frequency w = w(y) satisties a suitable
non-resonant condition.

Assume there exists gy, ug such thatfore < gy, u < g the
Normal Form Lemma holds.

Then, there exist positive parameters pg, 7o, such that for every
solution at time # >0 with initial position (y(0), x(0)) € Dx T"
one has:

1y®) =yO) Il <po for t<Ce*™

for some positive constant C; .




Theorem-2

Consider the vector field (1) defined on A X T" o satistying a quasi-
convexity condition. Let yg € A be non resonant outside the main

resonance.

Assume there exists €0, Mo such that for € <&y, U < Up the
Resonant Normal Form Lemma holds ( 70, 7o K € Z, const.).

i) for px =0or s=0 there exist p; >0, Cp >0 s.t.:

1 y(@®) = yO) || <2Cpmo+pifor t <Coe*™

1) for px # 0 and s # O there exist p2 >0, Cy' >0, Cy" >0 with:

' K 70 C_O)

130 =3Ol <2Cpmo+p2 1= min(Cy' e ™, 2,




The non resonant case

Phase portrait & variation of the energy, non resonant case:

e~ tor -
1619/ 0.5¢
> 1618 | ﬁo.o
1617} 1 -0.5
1616 .
o 1 2 3 4 5 g 0 2000 4000 6000 8000 10000
X t
1 . .
0 =5 (V5 +1) X = y— p(sin(x —t) + sin(x))
10 : : -
e=7-10 y=-& (SlIl(X — f) + SlIl(X)) - ,U(y — 77)



1:1 resonance with linear drift

The actions are conserved only on linear times:

y — p(sin(x — 1) + sin(x)) "0 =103
—¢& (sin(x — t) + sin(x)) — u(y — n) £=7-10

u=7-107"

1.030

1.028] % N
~1.x 1077

1,026 52

-2.% 10‘9:
> 1.024

dHyor/dt

_9[
1.022 =3.x107"7}

1.020 —4.x 107

1.018

| | | I | | | —5_)(10_97 -




1 resonance with slow drift
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y(0)
E =

X=y— pu(sin(x—1t)+sin(x))

7-107%

Iu:

7))

y=—g(sm(x—6¢)+sin(x)) — u(y—

The actions are conserved for long times.



Resonance capture

Fast capture Into resonance vs. capture Into resonance on
exponentially long time scales:
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Possible Applications

* Application ot the Theorem to:
— The asteroidal problem with dissipation
— Rotational dynamics

— Motion of artificial satellites

* |Reference solution to dynamical systems

— Qualitative investigation of the dynamics

— Comparison of numerical integrations schemes



Numerical integrators

Runge KRutta methods

— Fehlberg, 4(3) to 9(8)

Extrapolation methods

— Adams, Burlish Stoer

Implicit methods

— Implicit Euler, implicit Runge-Kutta methods
Symplectic methods

— Leap frog, symplectic partitioned Runge-Kutta methods

Integration by series approximation

— Taylor methods, Lie-integration



Which integration is correct?

““““““““ @°
: 10125/
1.0125| f
? 10120}
_ 10120} _ [
Lo115) 10115]

e o
1.1126¢
11124
L1122+ ] . . .
_L1120¢ - X =y—p(sm(x —1) + sin(x))
L1118 ] ) . )
el . y=-¢ (sin(x — 6 1)+ sin(x)) — u(y —n)
L1114} ]
e
o 1 2 3 4 5 6

3 integrators, one dynamical system



See the difference !

. w_ Dy
] 111270
1110}
111265
1.105 ¢ [
~ L1260,
1.100 111255
1095} 111250}
111245
o 1 2 3 4 5 %
X X
_an
1110/
1105¢ . .
_ | X=y—pu(sm67))
1,100 i . _ .
| | = —g (sin(x — 1) + sin(x)) — u(y —n)
1,095 \/ |

It can become difficult to decide if the drift is fast or slow



How much i1s the drift?

1.1128

> [
L1126, Lons;

1.0110}

1.1125"

L1265 F T P i
1.11260§
_ 111255 X =y— u(sin(x —t) + sin(x))
- y=—s(sin(x — 1) +sin(x)) — u(y — )
111245/

Here there 1s a drift. Or not?



The final example

(IV) -~
1.015 7, ‘
TR 1010}
Lo10; \
1.0053 1005
> 1,000/ > 1.0000
0.995 f 0995
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0 1 2 a4 s o 1 2 3 4 s %
X X
)
L1265 T T
1.11260? 7
-~ 111255 X =y— p(sin(x))
111250, f V=—c(sin(x—1)+sin(x)) — u(y —n)
D245
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X

Similar systems of ODEs BUT their normal forms are different



We need a reference solution

L0125} L110!
, exponential ] ; exponential
[ ] 1.105]
10120 :
> I ] . i
: 1100
10115 :
1.095 |
o 1 2 3 4 5 6 D R S
X X
- v
10125} 1010}
, : linear
1.0120 - 1005
> 5 ~ 1.000 ¢
10115 :
: 0995}
10110 i
’ 0990

Only a reference (normal) form solution helps us to decide if the
integration is correct.



Numerical integrator “contest”

The normal form Method | Steps Cost | Error
S()luti()n all()WS t() 1 {28849,0} 144247 4.54015%10"-14
choose the best 2 {28849,0} 115398 | 8.38051%10"-14
integration method 3 (331927,0} | 663856 | 5.46935%10"-12
and to adjust 1ts 4 {7033661,0} | 7033663 | 4.80328%10"-11
parameters depending 5 {1667,311} 7914 2.89844%10"-9
on the SPECiﬁC 6 {572,0} 7438 2.96218%10"-9
dynamical problem Of 7 {413,0} 11178 2.89626*10"-8
. terest 8 {413,0} 11178 2.89626%107"-8
11 ) 9 {413,0} 11178 2.89626%10"-8
10 {4846,0} 13206 7.72971%10"-8

1: implicit, 2: explicit Runge-Kutta (4), 3: midpoint (2), 4: Euler (fixed step)
5: Runge-Kutta (4), 6: Runge-Kutta (8) (variable stepsize)

7-9: extrapolation (order 2/4/8) (variable step)

10: Adams (multistep method)




Thank you for your attention!




