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The Model Economy
A medium-scale DSGE Model with Adaptive Learning

Representative household works, consumes, invests, and buys
government bonds
Labour market with unions and employment agencies
Intermediate and final good producers
Central bank follows a generalised Taylor-rule
Fiscal authority finances expenditure through lump-sum taxes

Detailed description
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Model dynamics

The linear model can be represented as

A0yt−1 + A1yt + A2E ∗t yt+1 + B0εt = cst

where yt is the vector of log-linearised model variables.
Linearised equations

→ Rational expectations equilibrium (REE)

yt = µ + Tyt−1 + Rεt

→ Adaptive learning

yt = µt + Ttyt−1 + Rtεt
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Rational Expectations

E ∗t y f
t+1 = Et

(
y f

t+1|Ωt
)

Adaptive learning

E ∗t y f
t+1 = Xt−1βt−1

Kalman filter learning: beliefs βt updated using the Kalman
filter
. Sargent and Williams (2005); Slobodyan and Wouters (2012a); Branch and
Evans (2006); Sargent (1999)
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Agents’ forecasting model
Regression model

Seven forward-looking variables: consumption, investment,
labour supply, Tobin’s Q, rental rate of capital, wage rate, and
inflation rate
Baseline:

y f
j,t =

[
1 k̂t−1 R̂t−1 ŷt−1 ŵt−1 ît−1 Π̂t−1

]
βj,t−1 + uj,t ,

j = 1, 2, . . . , 7

Agents’ beliefs
Agents believe that the regression coefficients βj,t evolve according
to

vec (βt) = vec
(
βt−1

)
+ vt , vt ∼ i .i .d . (0,V)
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]
βj,t−1 + uj,t ,

j = 1, 2, . . . , 7

Agents’ beliefs
Agents believe that the regression coefficients βj,t evolve according
to

vec (βt) = vec
(
βt−1

)
+ vt , vt ∼ i .i .d . (0,V)



Introduction The Model Economy Expectation Formation Estimation Results Conclusion

Kalman filter

In general: iterative process to estimate unknown parameters
based on consecutive data inputs

Iterative estimation of beliefs βt

βt+1|t = βt|t−1 + Kt
[
yf

t − XT
t−1βt|t-1

]
Pt+1|t =

(
I−KtXT

t−1

)
Pt|t−1 + V

with Kt = Pt|t−1Xt−1
[
XT

t−1Pt|t−1Xt−1 + Σ
]−1

.
Additional slides
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Estimation

Bayesian estimation using the Dynare 4.2.4. Matlab toolbox,
modified by Slobodyan and Wouters to allow for adaptive learning.

Vector of estimated parameters consists of
structural parameters:(

γp, γw , θp, θw , 100(Π̄− 1), ρR , φ, φπ, φ∆y , σ, s ′′
)

shock processes parameters:

(ρb, ρg , ρπ, ρr , ρi , ρw , µw , µπ, σb, σg , σi , σπ, σπ∗ , σr , σw , σz)

learning parameters: σ0 and σv

I fix α = 1/3, 100(β−1 − 1) = 0.25, δ = 2.5%, Ḡ/Ȳ = 20%,
ε̄p = 0.2, ε̄w = 0.1, ρπ∗ = 0.985, 100(γ − 1) = 0.334, and Φ.
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Government spending multipliers

Measures the effect of government spending on
Output
Private consumption
Private investment

At different horizons
Present-value multipliers

PV (∆X )
PV (∆G)

∣∣∣∣
t

=
∑k

s=0 R̄−sXt+s∑k
s=0 R̄−sGt+s

1
Ḡ/X̄

,

Xt+s is the response of variable X at period t + s,
Gt+s is government spending at period t + s,
R̄ is the steady state gross nominal interest rate
Ḡ/X̄ is the steady state government expenditure to X ratio.
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Ḡ/X̄

,

Xt+s is the response of variable X at period t + s,
Gt+s is government spending at period t + s,
R̄ is the steady state gross nominal interest rate
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Time-varying government spending multipliers

Kalman filter learning generates time variation in the effects
of a government spending shock.

Findings are similar to time-varying parameter Vector
Autoregression (VAR) of Kirchner et al. (2010)
Alternative explanations

Private debt overhang (Bernardini and Peersman, 2015)
Asset market participation, stance of monetary policy (Bilbiie
et al., 2008)
Government debt-to-GDP ratio, composition of government
spending (Kirchner et al., 2010)
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Appendix References

Household

Utility-maximising household chooses consumption, bond
purchases and investment.
King et al. (1988) utility specification

U(Ct , 1− Nt) = C1−σ
t

1− σ exp
(
σ − 1
1 + φ

N1+φ
t

)

Compatible with balanced growth along the steady state
Complementarity between consumption and labour supply if
σ > 1.

Christiano et al. (2005) capital adjustment costs
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Labour unions and employment agencies
Cf. Schmitt-Grohé and Uribe (2006).

Labour union
Sells differentiated labour inputs on monopolistically
competitive labour markets.
Wage setting à la Calvo (1983)
In those markets, nominal wages are indexed according to

W̃t(j) = zt (Π∗t )1−γw (Πt−1)γw W̃t−1(j)

Employment agency

Bundles the differentiated labour supplies and sells it to the
intermediate goods producers

Nt(i) =
[∫ 1

0
Nt (i , j)

1
1+εw,t dj

]1+εw,t

Wage equation
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Firms: final good producer

Representative, perfectly competitive firm
Bundles a continuum of intermediate goods
Production function

Yt =
(∫ 1

0
Yt(i)

1
1+εp,t di

)1+εp,t

where 1 + εp,t is an ARMA(1,1) price mark-up shock.
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Firms: intermediate goods producers

Monopolistically competitive firms populating [0, 1]
Each firm rents labour and capital so as to minimise costs.

Production function

Yt(i) = A1−α
t Kt−1(i)αNt(i)1−α − ΦAt

where technology At evolves according to
At/At−1 = γ exp(εZt ).
Staggered price setting à la Calvo (1983). If a firm cannot
re-optimise, its price is indexed according to

P̃t(i) = (Π∗t )1−γp (Πt−1)γp P̃t−1(i)

Inflation equation
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Government policies

Central bank

R̂t = ρR R̂t−1 + (1− ρR)Π̂∗t + ρR
(

Π̂∗t − Π̂∗t−1
)

+ (1− ρR)
[
φπ(Π̂t − Π̂∗t )

]
+ φ∆y ∆ŷt + ûr

t

Time-varying inflation target Π∗t : Π̂∗t = ρπ∗Π̂∗t−1 + επ
∗

t

Monetary policy shock ûr
t = ρr ûr

t−1 + εrt

Fiscal authority

ĝt = ρg ĝt−1 + εgt

Return
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Central bank

R̂t = ρR R̂t−1 + (1− ρR)Π̂∗t + ρR
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t

Time-varying inflation target Π∗t : Π̂∗t = ρπ∗Π̂∗t−1 + επ
∗

t

Monetary policy shock ûr
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Agents’ forecasting model III

We can write the forecasting model in a SURE format

y f
j,t = XT

j,t−1βj,t−1 + uj,t , j = 1, 2, . . . ,m

m
y f
1,t

y f
2,t
...

y f
m,t

 =


X1,t−1 0 · · · 0

0 X2,t−1 · · · 0
...

... . . . ...
0 0 · · · Xm,t−1




β1,t−1
β2,t−1

...
βm,t−1

+


u1,t
u2,t
...

um,t


m

yf
t = Xt−1βt−1 + Ut , Σ = E

[
UtUT

t

]
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Real wage equation

ŵt = w1
(
φN̂t + ĉt − ŵt

)
+w2ŵt−1+w3E ∗t ŵt+1+w4Π̂t+w5Π̂t−1+w6E ∗t Π̂t+1+w7Π̂∗t +ûw

t

with

w1 = (1− θw )
(
1− βθwγ

1−σ)
θw (1 + βγ1−σ) ,

w2 = 1
1 + βγ1−σ

,

w3 = βγ1−σ

1 + βγ1−σ
,

w4 = −1 + βγ1−σγw
1 + βγ1−σ

,

w5 = γw
1 + βγ1−σ

,

w6 = βγ1−σ

1 + βγ1−σ
,

w7 = (1− γw )
(
1− ρπ∗βγ1−σ

)
1 + βγ1−σ

.

Return
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New Keynesian Phillips curve

Π̂t = π1M̂C t + π2Π̂t−1 + π3E ∗t Π̂t+1 + π4Π̂∗t + ûπt
with

π1 = (1− θp)
(
1− βθpγ

1−σ)
θp (1 + βγ1−σγp) ,

π2 = γp
1 + βγ1−σγp

,

π3 = βγ1−σ

1 + βγ1−σγp
,

π4 = (1− γp)
(
1− ρπ∗βγ1−σ

)
1 + βγ1−σγp

.

Return
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Log-linearised equations

ŷt =
(
1− ī

ȳ −
ḡ
ȳ

)
ĉt + ī

ȳ ît + ḡ
ȳ ĝt

ŷt = ȳ + Φ
ȳ

[
αk̂t−1 + ẑt + (1− α)N̂t

]
ĉt = E ∗t ĉt+1 + c1

(
N̂t − E ∗t N̂t+1

)
− c2

(
R̂t − E ∗t Π̂t+1

)
+ ûb

t

ŵt = w1
(
φN̂t + ĉt − ŵt

)
+w2ŵt−1+w3E ∗t ŵt+1+w4Π̂t+w5Π̂t−1+w6E ∗t Π̂t+1+w7Π̂∗t +ûw

t

ît = i1
(̂
it−1 − ẑt

)
+ (1− i1) E ∗t ît+1 + i2Q̂t + ûi

t

Q̂t = −
(
R̂t − E ∗t Π̂t+1 − σûb

t

)
+βγ−σ

[
r̄kE ∗t r̂k

t+1 + (1− δ) E ∗t Q̂t+1
]

k̂t = k1(k̂t−1 − ẑt) + (1− k1) ît + k1ûi
t
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Log-linearised equations (continued)

Π̂t = π1M̂C t + π2Π̂t−1 + π3E ∗t Π̂t+1 + π4Π̂∗t + ûπt
ŵt = M̂C t + α(k̂t−1 − N̂t) + ẑt

r̂k
t = M̂C t + (α− 1)(k̂t−1 − N̂t) + ẑt

R̂t = ρR̂t−1 + (1− ρ)Π̂∗t + ρ
(

Π̂∗t − Π̂∗t−1
)

+ (1− ρ)
[
φπ(Π̂t − Π̂∗t ) + φy ŷt

]
+ φ∆y ∆yt + ûr

t

ĝt = ρg ĝt−1 + εgt

Return
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Model dynamics

Recall the linear approximation of the model

A0

[
yt−1
wt−1

]
+ A1

[
yt
wt

]
+ A2E ∗t yt+1 + B0εt = cst

The estimate βt|t−1 from the Kalman filter is substituted in
the agents’ forecasting model to generate E ∗t yt+1.
Actual law of motion under learning[

yt
wt

]
= µt + Tt

[
yt−1
wt−1

]
+ Rtεt .
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Kalman filter

In general: iterative process to estimate unknown parameters
based on consecutive data inputs

Iterative estimation of beliefs βt

βt+1|t = βt|t−1 + Kt
[
yf

t − XT
t−1βt|t-1

]
Pt+1|t =

(
I−KtXT

t−1

)
Pt|t−1 + V

with Kt = Pt|t−1Xt−1
[
XT

t−1Pt|t−1Xt−1 + Σ
]−1

.
Additional slides
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Initialisation
We need to specify

β1|0 = β̄ = initial belief coefficients
P1|0 = covariance matrix of β1|0

V = covariance matrix of the shocks to the beliefs βt

Σ = covariance matrix of the shocks to forward-looking
variables yf

t (measurement errors)

We follow Slobodyan and Wouters (2012a)

β1|0 = β̂OLS = E
(
XT X

)−1
E
(
XT yf

)
Σ = E

[
UUT

]
= E

[(
yf − Xβ

) (
yf − Xβ

)T
]

P1|0 = σ0
(
XT Σ−1X

)−1
V = σv

(
XT Σ−1X

)−1
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Initialisation: β1|0 and Σ
Initialisation of β1|0 and Σ is based on the OLS estimator

Given that the OLS estimate

β̂OLS =
(
XT X

)−1
XT yf

is unbiased, we let

β1|0 = E
(
XT X

)−1
E
(
XT yf

)
where we use the theoretical moments matrices of the Rational
Expectations Equilibrium.

It follows that the covariance matrix

Σ = E
[
UUT

]
= E

[
(y− Xβ) (y− Xβ)T

]
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Initialisation: P1|0 and V
Recall the formulas of the GLS estimator

β̂GLS =
(
XT Σ−1X

)−1
XT Σ−1yf

Var
(
β̂GLS

)
=
(
XT Σ−1X

)−1
P1|0 and V are both taken to be proportional to Var

(
β̂GLS

)
:

P1|0 = σ0
(
XT Σ−1X

)−1
V = σv

(
XT Σ−1X

)−1
Motivation: with these initial values and if ρ = 1 and σv = σ20 the
mean dynamics of Kalman filter learning are approximately equal
to the dynamics of constant gain RLS learning (see Sargent and
Williams, 2005). Return
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Posterior estimates
Parameter Description Prior distribution Posterior distribution

Type Mean Std. Mean Mode Interval

γp Price indexation to past inflation B 0.5 0.1 0.4268 0.4298 [0.414,0.436]
γw Wage indexation to past inflation B 0.5 0.1 0.5135 0.5211 [0.505,0.525]
θp Degree of nominal price rigidity B 0.75 0.05 0.7612 0.761 [0.756,0.764]
θw Degree of nominal wage rigidity B 0.75 0.05 0.648 0.6502 [0.645,0.653]

100(Π̄− 1) Quarterly steady-state inflation rate G 0.5 0.1 0.696 0.6928 [0.687,0.706]
ρR Degree of interest rate smoothing B 0.75 0.1 0.836 0.8388 [0.831,0.84]
φ Inverse Frisch elasticity of labour supply N 2 0.25 1.954 1.9482 [1.945,1.967]
φπ Taylor rule inflation rate coefficient N 1.5 0.1 1.519 1.5175 [1.514,1.528]
φ∆y Taylor rule output growth coefficient N 0.125 0.05 0.0728 0.0692 [0.0658,0.0789]
σ Degree of risk aversion G 1.5 0.37 1.0744 1.0847 [1.06,1.086]
s′′ Investment adjustment cost parameter N 4 1.5 5.3082 5.3135 [5.293,5.318]
ρb Risk premium shock AR coefficient B 0.5 0.2 0.7289 0.7262 [0.725,0.734]
ρg Government expenditure AR coefficient B 0.5 0.2 0.9943 0.995 [0.993,0.995]
ρπ Price mark-up shock AR coefficient B 0.5 0.2 0.6379 0.6322 [0.629,0.647]
ρr Monetary policy shock AR coefficient B 0.25 0.1 0.4802 0.4816 [0.474,0.488]
ρi Investment shock AR coefficient B 0.5 0.2 0.1025 0.1071 [0.0894,0.111]
ρw Wage mark-up AR coefficient B 0.5 0.2 0.967 0.9606 [0.961,0.972]
µw Wage mark-up shock MA coefficient B 0.5 0.2 0.7073 0.7048 [0.701,0.716]
µπ Price mark-up shock MA coefficient B 0.5 0.2 0.6368 0.635 [0.631,0.643]
σ0 Scale of β1|0 cov. matrix matrix P1|0 G 0.04 0.03 0.0124 0.012 [0.0093,0.0152]
σv Scale of belief cov. matrix matrix V G 0.004 0.003 0.0109 0.0106 [0.0106,0.0114]

Note: B represents beta, G gamma, IG inverse gamma, and N normal.

Table: Parameter estimates.
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Posterior estimates

Parameter Prior distribution Posterior distribution

Type Mean Std. Mean Mode Interval

σb IG 0.1 2 0.7 0.7 [0.7,0.71]
σg IG 0.1 2 0.19 0.19 [0.19,0.2]
σi IG 0.1 2 1.15 1.15 [1.14,1.16]
σπ∗ IG 0.02 2 0.061 0.061 [0.059,0.064]
σπ IG 0.1 2 0.2 0.2 [0.19,0.2]
σr IG 0.1 2 0.1 0.1 [0.1,0.11]
σw IG 0.1 2 0.42 0.42 [0.4,0.43]
σz IG 0.1 2 0.84 0.84 [0.83,0.84]
Note: B represents beta, G gamma, IG inverse gamma, and N normal.

Table: Parameter estimates.
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