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Abstract

We propose a new methodology for the analysis of impulse response functions in VAR
or VARMA models. More precisely, we build our results on the non ambiguous notion of
innovation of a stochastic process and we consider the impact of any kind of new information at
a given date t on the future values of the process. This methodology allows to take into account
qualitative or quantitative information, either on the innovation, or on future responses, or
on filters, or on future paths of variables of interest. We show, among other results, that
our approach encompasses several standard methodologies found in the literature, such as the
orthogonalization of shocks (Sims (1980)), the ”structural” identification of shocks (Blanchard
and Quah (1989)), the ”generalized” impulse responses (Pesaran and Shin (1998)), or the
impulse vectors (Uhlig (2005)). Finally, working with a parsimonious Gaussian VAR(p) model
estimated on U.S. quarterly data, we exploit the NIRF methodology to address two monetary
policy issues. The first one concerns the shift (at the end of the 1970) to a more anti-inflationary
monetary policy, while the second one focuses on the effects on macro variables of the FOMC
stabilization announcement (at the end of 2008) of the future short rate around the zero lower
bound.
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1 Introduction

The pioneering paper by Sims (1980) has triggered a large literature on the definition of shocks and
impulse response functions in VAR, or VARMA models. A part of this literature is devoted to the
notion of orthogonalized shocks while another important one, initiated by Blanchard and Watson
(1986), Bernanke (1986) and Blanchard and Quah (1989), discusses the definition of “structural”
shocks. However, both approaches rely on ad-hoc assumptions, such as the ordering of the variable in
the VAR or expected effects that such shocks should have on a given variable. Unfortunately, these
hypotheses are not always consensual. This lack of general agreement leads to different response
functions which make difficult to bring out a clear economic message (see for instance Liitkepohl
(1991), Cochrane (1994)). Finally, in response to shortcomings of traditional orthogonalized and
structural approaches, a third part of the literature proposes a statistical or “agnostic” approach,
either in a bayesian way (Uhlig (2005)), or in a classical way (Pesaran and Shin (1998)).

In this paper we try to push as far as possible this statistical approach. The idea is to build our
results on the notion of innovation ¢, (say) of a stochastic process, that is, the difference between
the value of the process and its conditional expectation given its past. In contrast with “structural
shocks”, the statistical innovation is non ambiguous as it is defined in an unique way. Furthermore,
the idea is to exploit the fact that we sometimes have at our disposal an information set on this
innovation process which is larger, or smaller, than the simple information on the contemporaneous
realization of one of its component. For instance, this “new information” can be related to the
values, the signs, or more generally to a given possible interval, for one or several components of &,
or to the value of one or several average responses. It can also be related to a linear filter of ¢, or
even to the future path of some of its components. In this case, one may be interested in analysing

the expected dynamical effects of such a “new information” on variables of the model. Therefore in
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this paper we are interested in the responses to this notion of “new information”, and we develop a
general setting which is suitable to deal with these issues. This general methodology is named New
Information Response Function.

More formally, we start with the important case where the new information only concerns the
contemporaneous value ¢; of this innovation process, i.e. is of the form a(e;) = a, where a(.) is
some given function and « some given vector of real numbers. This general setting contains many
relevant particular cases. We first consider the “full new information” case where a(.) is one-to-one.
Here we have a unique value for the innovation and we show that the standard orthogonalized
shocks, the impulse vectors introduced by Uhlig (2005) and the structural shocks can be viewed as
particular cases of such full information. Second, we consider the case of “continuous limited new
information” where a(.) is not one-to-one and a(e;) has a continuous probability distribution. This
case includes the “generalized” impulse response function introduced by Pesaran and Shin (1998),
based on the information on one innovation, but it also allows to take into account many other
kinds of informations, including informations on several innovations and informations on responses.
Third, we study the “discrete limited new information” case where the new information is based on
discrete functions, like indicator functions and, in particular, sign functions, on either the innovation
itself, or on an impulse vector, or on a response. Fourth, this general setting is used to consider
new information on a linear filter of the vector of interest and responses of a linear filter.

Although the case where the new information only concerns the contemporaneous value ¢; of the
innovation process is the more frequent, we also consider other important cases. First, we study the
case where the information also depends on the observed past values Y; 1 = (Y/;,Y/ ,,...)" of the
process itself, that is the case where the new information can be written as a(e;, ;1) = a. Second,
we study the case where the new information also depends on future values of the innovation process
(or, equivalently, on future values of the process itself), and in this case the new information can
be written as a(exr, Yio1) = a, where epr = (€}, €414, - - -, €7)"

Finally, in order to provide an empirical illustration of the NIRF methodology we address two



monetary issues using a Gaussian VAR(p) model that links macroeconomic variables and interest
rates. On the one hand, we test whether or not there is a shift toward a more aggressive anti-
inflationary monetary policy in the U.S. at the end of the 1970s. For that purpose, we analyse the
effects of a new information one the one-year ahead expected inflation, which can be expressed as
a linear filter on the variables in the VAR (namely, short rate, one-year spread, GDP growth and
inflation rate), before and after 1979:Q4. On the other hand, we investigate the effects on interest
rates and economic variables of the communication by the Federal Open Market Committee (FOMC)
in 2008:Q4, regarding the stability of future short term interest rate.

The paper is organized as follows. In Section 2 we define the new information response function.
In Section 3 this concept is applied to the full new information case. Section 4 is devoted to
the continuous limited new information case, while Section 5 deals with the discrete limited new
information one. In Section 6 we show how these results can be used to analyze shocks on a linear
filter and responses of a filter. Section 7 deals with path-dependent new information response
functions, while in Section 8 we present the empirical applications. Finally, Section 9 concludes and

proposes further developments, while Appendices gather Tables and further results.

2 Response to a new information on a function of a VAR
innovation

Let us consider a n-dimensional VAR(p) process Y; satisfying:
(L)Y, =v+ey, (1)

where (L) = I+ P L+...+D,LP, L being the lag operator; ¢; is the n-dimensional Gaussian inno-
vation process of Y; with distribution N(0,%). We do not necessarily assume that Y; is stationary,

so we have to assume some starting mechanism, defined by the initial values (3" 1,9’ 5, ...,y" )" = Y—p-



By considering the recursive equations:
Y:r:V_q>1YT—1_~~~_(I)pY:r—p+ET> (2)
at 7 =0, ...,t and eliminating Yj, ..., Y;_; we get a moving average representation of the form:

t
Y = py + Z Or&r, (3)

7=0

where i, is a function of ¢ and y_, and the sequence ©; is such that:

[(2; Mi) (2 @TLT” o (4)

(where [.]; is a notation for the polynomial obtained by retaining only the terms of degree smaller

than or equal to ¢ from the polynomial between brackets) which implies,

Oy = [ and

@T = _Zéi@T—iaTz]-a (5)

i=1

with O, = 0if s < 0, &g = I, &; = 0 if i > p. Equation (5) provides a straightforward way to
compute recursively the matrices ©..

Denoting Y; = (Y/, Y/, ..., Y/ ), equation (3) implies:
E(Yt+h|YL) - E(Yi+h|yﬂ) = Oney; (6)

so Opne; measures the differential impact of the knowledge of €; on the prediction updating of Y,
between dates t — 1 and .

More generally, let us consider the differential impact on the prediction of Y;; of a new information



a(er) = a, where a(.) is some function and « is given. Obvious examples of such functions are :
aley) = e, aley) = Vey, aley) = g+ (b'ey), where b is some vector, etc. This impact, also called new

information response function (NIRF), is by definition:
E(Yienla(e0), Yies) = B(YVinlYiey). ™)
and a key result is the equivalent representation of (7) by:

E{[E(YVinler, Yia) = BVl Yio)lla(er), Yiea} = E[@neila(er), Y]

— 0, Eleialer). (8)

Thus the average impact on Y,y of the new information a(e;) at time ¢ is the same as the one
which would be implied by the new information ¢, = 0 with 6 = E|e; | a(e;)]. Note that this impact
©, 0 can also be obtained from (2), with v = 0, by computing recursively Y;, ..., Y1, with Y, =0,
s<t,eg=0and e, =0, s > t.

In Sections from 3 to 7 we will distinguish five important situations according to the properties

of function a(.):

i) the ”full new information” case, when a(.) is one-to-one.

i1) the ”continuous limited new information” case, when a(.) is not one-to-one and when the
probability distribution of a(g;) is continuous (i.e., absolutely continuous with respect to the

Lebesgue measure).

i71) the ”discrete limited new information” case, when the distribution of a(e;) has a discrete

component.

iv) the case of a new information on a linear filter Y; = F(L)Y;, with innovation & = F(0) e,

defined by a[F(0) &) = a.



v) the case of path-dependent new information in which a(e;,Y;_1) = a ("past path-dependent”

NIRF) or a(epr, Yi—1) = «, with exp = (&}, €41, - - -, €7)" ("future path-dependent” NIRF).

3 Full new information

If a(.) is one-to-one, the average impact on Y;,, of the new information a(e;) = « is obviously
Ona'(a). This simple situation contains the following well known cases: 1) the orthogonalized

shocks; 2) the Uhlig (2005)’s impulse vectors and 3) the structural shocks.

3.1 Orthogonalized shocks

Let us consider the lower triangular matrix P defined by ¥ = PP’ and the orthogonalized errors
& defined by ¢, = P&. The distribution of & is obviously N(0,7) and it is usual to consider a
new information e; on &, where e; is the j% column of the n x n identity matrix /. Such a new
information is called a “shock” of 1 on §;; or a “shock” of e; on &. It is clear that the impact on
Yi+n of such a shock is the same as the shock § = Pe; on ¢, namely ©,Pe;, or 0, PY), where PU)
is the j column of P. In particular, the immediate impact on ¢, (or Y;) is PU), so there is no
immediate impact on the component Y, if i < j, and the immediate impact on Y}, is P;; (the (7, )

entry of P).

If we want an immediate impact on Y, equal to one, we can consider the lower triangular matrix
P = PD™!, where D is the diagonal matrix diag(Pj;), and the vector (; defined by ¢, = D& or
g = IBQ. Now, a shock e; on ¢; has the impact 5 = PW on g (or Y;) and @hﬁ(j) on Yy, Also

note that (1) can be rewritten:

P'®(L)Y; = P'v + ¢ 9)

and since P71 is lower triangular with diagonal terms equal to 1, (9) is a recursive form of the

VAR. So the average impact on Y, of a shock e; on (;, could be obtained from (9) with v = 0, by



computing recursively Y;, Yii1,..., Y4y with Yy =0, s <t, (G =¢; and (, =0, s > ¢.

3.2 Uhlig (2005)’s impulse vectors

Uhlig (2005) defined an impulse vector v € R™ as a vector such that there exists a matrix A verifying
AA" =¥ and admitting v as a column. The set of vectors satisfying this definition can be seen as
all the possible new informations on ¢, implied by a shock of 1 on a component of a ”fundamental”
error 1, satisfying ¢, = An, and V() = I.

It turns out [see Uhlig (2005)] that those vectors « are characterized by v = Pf, where P is
defined in Section 3.1, and [ is a unit length vector of R™. Equivalently, these vectors belong to the
set ' defined by /(P71 P~!'yv =1 or ¥X 7!y = 1 and therefore, they generate an hyperellipsoid.

An impulse vector v is a particular full new information on £, whose impact on Y, is O~ and
the set of all possible impacts on Y;,; coming from an impulse vector is ©, P, where  is of length

one.

3.3 Structural shocks

A structural error is a vector 1, satisfying e, = An;, with ¥ = AA’, and, therefore V(1) = I, like a
“fundamental” vector considered in Section 3.2. Moreover, a structural error is uniquely defined by
identification conditions which could be based on short run restrictions, imposing for instance that
a shock e; on 7, has no immediate impact on ¢;, i.e. A;; = 0, or which could be based on long-run
restrictions when Y; is non-stationary and admits r cointegrating relationships. In the latter case,
we can construct a vector W, such that:

AY,

W, = ;
A'Y;

where Y, is the subvector of Y, given by its first (n — r) rows (possibly after a reordering of the

components of Y;), and A’Y; a r-dimensional vector of cointegrating relationships, and such that W}

7



has a stationary VAR representation of the form:

F(L)Wt =Cv + C&ft

I, 0
where C' = is invertible.
A/
The long run impact on the scalar component y;;, i < n—r, of a shock e; on 7, is [[71(1)C AW,
where AY) is the j* column of A, and imposing that such long run impacts are zero may imply

identification [see Blanchard and Quah (1993) and Rubio-Ramirez, Waggoner and Zha (2008)]. In

any case, a shock e; on 7, is a full information AY) on ;.

4 Continuous limited new information

Let us now consider the case where a(.) is not one-to-one and a(e;) has an absolutely continuous
distribution. In this situation the new information a(e;) = « (say) does not define ¢; and we have to
compute § = Eles|la(e;) = ] in order to obtain the impact ©,0 on Y y,. Since the event a(e;) = «
has probability zero, we have to find the conditional expectation in a continuous distribution context

and some examples are given below.

4.1 Pesaran-Shin (1998) “generalized” impulse response functions

Pesaran and Shin (1998) considered the case where a(e;) = €;;, that is the case where we have a
new information only for a component of €;, namely €;; = . In the Gaussian case, the computation
of Elei|ejy = a] is straightforward and we get:

E[£it|5jt = OA] = Z”Oé
17




In particular if @ = 1, the immediate impact § = Ele;lej; = 1] is E(j)E;jl where X9 is the j*column
of 2. It is easily seen that this impact is different from the one obtained by an orthogonalized shock

with immediate impact on Yj; equal to one, except if j = 1 [see Pesaran and Shin (1998)].

4.2 New information on a set of individual innovations

If a(e;) = e, where ¢/ is a K-dimensional subvector of ¢; containing any ¢;, with j € K and
K c {1,...,n}, we have to compute § = E[g;|eX = a] where « is now a vector.

Again, in the Gaussian case we immediately get:
Ky—1
0 =YY ko

where 2% is the matrix given by the columns ¥) of ¥ such that j € K and Sxx is the variance-
covariance matrix of /.
For instance, if the new information is €j; = 1 and &g = 0, the i component of § (i # j and

i # k) will be the coefficient of €;; in the theoretical regression of €;; on ey, and €;;.

4.3 New information on responses

We know from equation (6) that the expected response of Y;.,, (for a given hy) to a value of
gt is Op, &, We may want to impose that some components of this response are given, that is
@hKll €, = aq, where @hKll is the set of rows of ©y,, corresponding to the components of interest. If this
new information is the only one, the NIRF has to be computed as ©, § with 6 = E(e; | @hKll g1 = Qaq),
that is 6 = X @hKl“ (@hKll 2 @fl{l”)_l a; in the Gaussian case. This new information can be combined
with another one, for instance a new information on a set of individual innovations as in Section

4.2, 1.e. € = ay. In this case we have to take:

5:E(5t|@hKl15t:a1,5f(2 = ay),



which can be easily computed as soon as K; + Ky < n. In the Gaussian case, if we denote by S,

the selection matrix such that /> = S, &, and given M = (@hKl”, S%)', we have:

(6%
S=SMMSM) |

(8%

(assuming that M ¥ M’ is invertible).

4.4 New information on long run behavior

Assuming the same framework as in Section 3.3, we can consider a partial new information imposing

that the long run impact on y;; is zero, that is:
I[7'(1)Ce =0,
where I'; (1) is the i row of I'"*(1).

4.5 Information defined as the set of impulse vectors I

A natural question is to identify the impact of the information imposing that ¢; belongs to the
set I of the impulse vectors introduced by Uhlig (2005). As we have seen in Section 3.2, the set
of impulse vectors is I' = {y € R" : /Y71y = 1}, or equivalently I' = {y € R" : v = P3, 53 = 1},
where P is the lower triangular matrix satisfying ¥ = PP’.

If the new information is ¢, € ', i.e. £,X ', = 1, that is, if a(g,) = £,¥ "', and a = 1, we have
to compute Elei|e; € T']. Since g, = P&, with § ~ N(0,1) and Elgile; € I'| = PE[&|£& = 1],
we have by symmetry Ele;|e; € I'] = 0. Therefore, the new information ¢; € I' has no impact in

average on Yi,,. Additional constraints are considered in Section 5.5.
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5 Discrete limited new information

5.1 Definition of the new information

Let us now consider the case where the distribution of a(e;) has a discrete component. More

al(.)

precisely we assume that a(.) = , where a;(eg;) has a continuous distribution and as(g,;) is
as(.)

valued in a finite set @y = {aoy, ..., agr }. In this case the conditional distribution of any component
i of g4 given a1(e;) = oy and as(e;) = ag; € @y is obtained by the conditional distribution of ¢;

given a;(e;) = a; restricted to the set as(er) = ag;. In other words, for any set S:

P(eir € S, as(er) = aajlar(ey)

— al)
Plag(er) = agjlai(er) = an)

P(Eit € S ‘ al(Et) = Oél,CLQ(Et) = Oégj) =

Note that a simulation in this conditional distribution of &; given a;(g;) = o and as(er) = g,
can be obtained by simulating independently a sequence in the conditional distribution of ¢; given
ai(e:) = oy and keeping the first simulation &; satisfying as(;) = ;. It is a simple rejection
algorithm. The conditional expectation E[g(e;)|ai(e;) = aq and ag(e;) = aw;], where g is some
given function, can be approximated by the empirical mean of g(&}), s = 1,...,.S and where £} are
obtained by keeping the simulations satisfying as(€;) = ay; in a sequence of independent simulations
in the conditional distribution of &; given a;(g;) = a;. However, in some cases explicit forms of such

conditional expectations are available.

5.2 Quantitative information and one interval information

Let us consider the case where as(g;) = 1. q((€;:) and a;(g¢) = £/ with ¢ and d real numbers (¢ < d)

and K C {1,...,n} such that j ¢ K. Our purpose is to compute

Elgji|eff = a,c < gy < d]

11



and

Eleit| el = a,c < gy < d),

with ¢ ¢ K and i # 7. In both cases, explicit formulas are available.

i)

i)

Computation of Elej; | el = a,c < g, < dJ:

the conditional distribution of ¢;; given X = «a is easily found; it is a Gaussian distribution

with mean £ o and variance (o )? (say) (where pf is a row vector). So Elej;|ef* = a,c <

gj¢ < d] is given by E[uf o+ ol U | ¢ < pffor + o*U < d] where U v~ N(0,1). We find

< U<

K
O'j [

—uk d—pks
E[ejt\a,f{:oz,c<5jt<d]:u][-{oz—irafE(U\c”’a ”;}a).

J

' ' —u3 d—pK
Using the notations ¢ff = C:_;(a and df = UMI% © e find:
I J
K K
ct) —ld
Elejlel =a,c<ep<d = pfatok ) —(df)

I B(dF) — B(cK)

where ¢ and ® are, respectively, the p.d.f and the c.d.f of N(0,1). In particular, if ¢ = 0 and
d = 400, we find:
o
E[Ejt|€£(:a,c<€jt<d] = ufa_}_g;{)\ J ,

K
g;

where \(z) = gg; is the inverse Mill’s ratio.

Computation of Ele; |ef = a,c < e < d]:

we first find the conditional expectation of €;; given 51{( = « and €, which can be written as

12



pla+vfe; (say) and we get:

E[éit|af(:oz,c<ajt<d] = E[E(Efit|€t[(:a,5jt)|€t[(:a,c<€jt<d]
= u§a+ugE[ajt\5f:oz,c<€jt<d]

Ky — po(dE
MJI{OZ_‘_UJI{)\(()O(CJ) ()0( j)

_ K K
= 0tV

@(df)-cp@f))] ‘

In the particular case ¢ = 0,d = 400, we find:

Eleule! =a,c<ey <d =pha+uv)

Koy
T D) (M;K )] .

J

5.3 Quantitative information and several interval informations

We still assume ay(g;) = ef*, but now as(e;) is the set of functions {1, 4, ((¢;¢),7 € J }, with ¢; and
d; real numbers (¢; < d;) forany j € J, JC {l,...,n} and K NJ = 2.
We have to compute

E[eit\éf(:oz,cj <€jt<dj,j € J], ’iEJ,

and
E[Eit|€tK:Oé,Cj<€jt<dj,j€J], Z¢K,Z¢J
i) Computation of Fley | el = a,¢; <ej < d;,j€ J], i€ J:

the joint conditional distribution of ¢/ given eX = « is Gaussian with mean p/%a and variance-
covariance matrix X7X (say) and we have to compute the mean of this normal distribution

restricted to (¢; < gj < dj,j € J) (see below).

ii) Computation of Fley | el = a,¢;<ejp<d;jeJ), i ¢ K, i¢ J:

13



given that

E[git ‘ 8{( =o,¢ < g < dj,j € J] (10)

= E[E(culef =a,ej,j €J)|ef =a,¢;<eju<dj,je]],

and denoting by p/®a + v/% ¢/, the conditional expectation of ; given eX = o and &/, we

get:

E[sit|€f{:a,cj < Ejt <dj,j € J] :M;]KQ+V£]KE[EZI|€{{:OZ,C]' < Ej¢ <dj,j € J]

Again, the joint conditional distribution of &/, given X = a, is N(u/%a, X/K) and, as above,
we have to compute the mean of this normal distribution restricted to the set (¢; < ¢j; <
dj,j€J).

The restriction of a J—variate normal distribution to a product of intervals is in general not
analytically tractable, but it can be simulated either by the rejection algorithm mentioned
above, or by using the Gibbs algorithm, and therefore its mean can be computed by a Monte-
Carlo method. The principle of the Gibbs algorithm is to start from an initial value yq =
(Yo1, ---» Yos) and to successively draw a new component in its conditional distribution given
the other components fixed at their more recent values. Since the conditional distribution
of a component given the others is a univariate normal distribution restricted to an interval,
its simulation is straightforward. Indeed, the simulation can be done by using a rejection
method, or by using the fact a random variable X following the standard normal distribution
restricted to an interval | ¢, d[ is deduced from a random variable U following the uniform

distribution on [0, 1], by the formula:

X = > H{[®(d) — ©(c)]U + D(c)}, (11)

14



. B B O(x) —@(c)|  @(z) — P(c) . .
since P(X < z) = P(®(X) < P(z)) =P |U < 3 30|~ B(d) = (o) This algorithm

is usually faster than the rejection algorithm.

5.4 Quantitative information and interval informations on responses

The quantitative information is still eX¥ = « but the interval informations are related to some

responses at some horizons. More precisely the interval informations are:
cin < 09V, < d;
Jh h ct jh

where the pair (j,h) € S C{1,...,n} x{1,...,H} and @g) is the j column of ©) (or @g) is the

j row of ©},). In this case, we have to compute:

Ele| el = a,c;n < 09, < djp, (j,h) € 5],

where i € K = {1,...,n} — K.

The conditional distribution of 5? given e = o is Gaussian and the previous expectation can be
computed by a Monte Carlo method based on the rejection principle, that is, by using simulations
in this distribution and keeping them if they satisfy the inequality constraints. If card(S) < n, the
Gibbs algorithm can also be used, provided that a linear transformation is first done on €; in such
a way that the @;Lj)’ et, (7, h) € S, are components of the transformed random vector.

This method provides a way to find the new information on &;, which satisfies some constraints
el = o and some constraints on the impulse response function and which is the more in agreement

with the stochastic behavior of &;.

15



5.5 Impulse vector and set information on responses: looking for struc-

tural shocks

Uhlig (2005) considered the case where the information is g, € I, the set of impulse vectors, i.e.
e/37te; = 1, and sign information on responses: @g)’at >0, (j,h) €S.

The conditional expectation
§; = Eleale}x e, = 1,0, > 0, (j, h) € 9],

can still be computed by a Monte-Carlo method. Indeed the conditional distribution of &, given
e/3 e, = 1is the image by P of the conditional distribution of & given, /& = 1, where & «~ N(0, I)

which is the uniform distribution on the unit sphere. So, the method is a follows:

e draw £ from N(0, 1)

§

e compute E = ——F"

(£€)1/?

e compute € = Pg
e keep the simulation if @Ef)’§> 0, (j,h) € S.

The expectations are obtained from the empirical means of the retained simulations.

Uhlig (2005) used a bayesian approach requiring n; (say) drawings in the posterior of the VAR
parameters, then for each drawing of the parameters, ny drawings of ¢ uniformly on the unit sphere;
then for each pair of drawings (%, E), the computation of the Choleski matrix ﬁ, the computation
of the candidate impulse vector v = ﬁE and of the whole impulse response functions @ﬁf"ﬁ, h €
{1,..., H}, and, finally, keeping the candidate 7 if the IRF satisfies the sign constraints, this method
provides a drawing in the posterior of the impulse vector of interest.

In our method, the conditional expectation 6 = (d1,...,d,)" obviously satisfies the condition

Y718 = 1 and is therefore an impulse vector which is easily computed, does not necessitate
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any prior distribution and is nicely interpreted as the best predictor impulse vector satisfying the
sign constraints. Moreover, our method is easily extended to the case where the information on
responses is a set information imposing that the vector [@Elj)’ g, (7, h) € S] belongs to some set £, for

instance a product of intervals.

6 New information on a filter and responses of a filter

6.1 New information on a filter

In some situations, the relevant information is on a linear filter of the basic variables. For instance,
in macro-finance models of the yield curve, this filter may be a term premium, or an expectation
component [see Section 8 and Jardet, Monfort, Pegoraro (2011)].

Let us consider a filter Y, = F(L)Y,, where F(L) = (Fy(L), ..., F,(L)) is a row vector of polynomials
in the lag operator L. The innovation of }7} at t is & = F(0)ey, and therefore an information on
£t, defined by a(g;) = a, can be written as a[F'(0)e;] = « or a(e;) = « (say). This means that, an
information on &; can be viewed as an information on ¢; and it can be treated as in the previous
framework. Let us consider some examples.

If the information is &, = 1 and €;;, = 0, j = 1,...,n — 1, the impact on Y;;; is ©,d, where
d=FElgler=1,;4=0,j=1,..,n—1] is equal to (0, ...,0,1/F,(0)).

If the information is £; = 1, the impact on Y, j is ©0, where

cov(ey, &)
V(&)
YF'(0)
F(0)XF"(0)
If the information is & = 1 and €j; = 0, the impact on Y;,) is ©,0 where the it" component &;

of § is the coefficient of €, in the theoretical regression of ;; on & and ej (in particular §; = 0).

We could also impose point informations on several filters in a straightforward way, and extend the
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technique to interval informations.

Let us note that if we are interested in & filters Y3, cey ?kt, it is always possible to complete with
n — k components of Y; and to apply the NIRF techniques to the dynamic model followed by the
vector thus obtained Y;*. However this would be an awkward method since Y, has a VARMA

representation implying tedious computations.

6.2 Response of a filter

Similarly, we might be interested in the response of a linear filter to some new information. If we
consider the univariate filter }7; = G(L)Y;, we can compute the impact on }ZM of a new information
a(e;) = «a at t. Indeed, since the impact on Yy, is Oy F[ei|a(e;) = al, the impact on )7t+h is
obviously G(L)©,E[ei]a(e;) = a] where the lag operator L is operating on h and where O, = 0 if
s < 0. It is clear that we can also impose interval constraints on some responses of a filter to a new

information which, in turn, may involve this filter or other filters.

7 Path-Dependent New Information Response Functions

In all situations considered above the values of the Y;’s actually observed do not play any role in the
computation of the NIRF, since in equation (8) the impact of Y;_; cancels out. Let us now consider
two situations in which the past values Y;_; or the present and future values of some components

of Y; matter.

7.1 Past Path-Dependent NIRF

A relevant practical case in which the impact of the past values Y;_; does not disappear is when

the new information at ¢ is no longer of the form a(g;) = «, but is given by:
ale, Yi1) = . (12)
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For instance, if we want to impose that a subset of components Y, does not move between ¢ — 1
and t we have to impose Y% = Y%, or, denoting by ?ﬂ]t(—l(yt—l) the prediction of Y% made at ¢t — 1

(a linear function of Y;_1), we have to impose:

Y;|It{—l(y;f—1) + 51{{ = Y;f[—{l > (13)
or ef =YX+ 2&\5—1(}@—1) =0,
which is of the form a(g;, Y;_1) = . In this new setting, the NIRF becomes:
E(Yinla(er, Y1) =, Y = M) — E(Yin|Yia = M) (14)
or E(Yiala(er, yim1) = o, Y1 = Y1) — E(Yeen| Vi1 = yu-1) -
The first term of (14) can be written as:
ElE(Yinler, Vi1 = h) la(er, yi—1) = @, Vi1 = Y11 (15)
and the NIRF becomes:
E {[E(Ke%‘é?t, Yia= h) — EYin Yo = h)] la(en, Y1) =, Y1 = yt_1}
= E[Ope| a(€t7£> =a, Y = h]
= E[One]aler, yin) = o (16)

= ("‘)h E[&ft ‘ a(&ft,h) = Oé]
= @h 5t7

with §; = Ele;|a(e, y:—1) = a]. Therefore, the computation of the NIRF still boils down to the
computation of a conditional expectation of £; given (now) some function of £, and y;_;. In example

(13) we need to compute:

0 = Eleclef =y — U1 (ye-1)] (17)
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and we get:

5t = XK 2[_(1[( [ytlil - @I\ft—l(hﬂ ) (18)

where ©X and Y i are defined like in Section 4.2.

7.2 Future Path-Dependent NIRF

In some situations it is interesting to study the behavior of the future values of the endogeneous
variables of a dynamic system, when the future path of one or several of them is imposed, and
when simultaneously the present value of another set of variables is also fixed. For instance (see the
application in the next section) we could impose the future values of the short rate and, at the same
time, fix the present value of the GDP growth to its past value or the innovation of the GDP growth
equal to zero. The first kind of information has already been imposed in the conditional prediction
literature [see e.g. Waggoner and Zha (1999), Clarida and Coyle (1984), Doan, Litterman and Sims
(1986)], and we consider the possibility to add an information on the present value (or some isolated
future values) of some other variables.

Let us partition Y; into (Y], Y5 ,) where Y7 ; is of size n; and Ya, is of size ny = n—n;. We assume,
without loss of generality, that the values of Y5, are imposed at all dates between t (today) and
T, whereas the values of some components of Y;; may be imposed at some present of future dates

(but not all). More precisely, using the notation Y3 .7 = (Y5, ..., Y5 1), we impose the information:

Y2,t:T =y, and

!
Ct+h)/i,t+h =01, h = 0, ceey T—1t
where Cyyj, is some selection vector choosing some components of Y; ;4 or more concisely:

Y2,t:T = 0y

!
C Yl,t:T =01
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This information can also be written, with obvious notations:
alewr, Y1) = a
and the new feature is the presence of future innovations in function a(.). The NIRF is given by:
EYin|Yorr, CYpr, Yicr) = E(Yin|Yia) - (19)

Using the notation Z;, = Y oY Y ) and Xy = (Y9, Y5, 4, ..., Yy, 1), the VAR(p)

process (1) defining the dynamics of Y; can be written in the following block-recursive form:

Yi: = i+ gll Zt—l + Zm X1 +en

(20)

Yi.

Zi

Yoo = 1o+ An + Ao X1 + €9y,

Yi.

)

where €1, and €, are independent. Introducing the notation Z;, = , the previous system

Ziq
can be written as:

Zt = l/ik + All Zt—l + A12 Xt—l + Ei,t (21)

Yoo = o+ AnZ+ Ap X1+ 24,

) . vy A 0 Aqo i} €1t
with v] = ;A = , Ay = y E1¢ =

0 I 0 0 0

Starting the previous system at ¢, the computation of E(Y]in|Yorr, C'Y1 1, Y1) for h =

0,...,7—t can be viewed as the computation of the smoothed values of Y7 ;, Y1 441, ..., Y17 or equiv-
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alently (Z;, Ziy1, ..., Zr) in the linear Gaussian state-space system:

Z; = 1 +AnZra+ ApXo g+,
Yo, = W+ AnZ, +A2X, 1+ 6, (22)
ey = ClZ. 7>t

where C". = [C", O(1xnip)]- The latent variable of this system is Z.. (Y3, ), ,) is the observed
variable and X, _; is a function of the past values. Note that the dimension of the observed variable,
and, therefore, the number of measurement equations may depend on time. The initial condition
of this state-space model is just the degenerate distribution at the observed value of Z;_.

Thus, the Kalman filter and smoother provide recursive methods for the computation of £ (Y7 11, |
Yorr,C'Y1e1, E), h=0,...,T—t, and we are able to compute the first set of components of the
NIRF (19), for h=0,...,T —t:

EXViein | Your = Yo, C'Yigr, Yicr = yeo1) — EVipin | Yier = 1) (23)

which measures the average differential impact on the future values of Y; ; of a new information on
the present and future values of Y5, and some future values of Y;; compared to the average future
values of Y7 ; when we do not take into account this new information.

The second set of components of the new information response function (19), for h =0, ..., T—t,
is simply:

Yoren — E(Yopn | Yior = M) ) (24)

and gives the differences between the announced futures values of Y5, and their expected values at
t—1.

It is worth noting that the NIRF can also be computed for h > T — t. Indeed, we have to
compute, for j > 1:

E(Yrij | Your, CY1pr, Yic1) — E(Yry5 | Yioa). (25)
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The second term of this difference is just the standard prediction of Y7, at ¢t — 1, whereas the first
term can be computed recursively using the VAR equations and the initial values E(Y7 |Y2 .1, C'Y1 11,
&), s EYp_pia | Yorr, C'Y1er, E) previously computed. In particular, by changing the value
of T in (19) we can measure the impact on the NIRF of the horizon T up to which the values of

Y, are guaranteed.

8 Applications to Monetary Policy

In this section we propose empirical illustrations of some results discussed in previous sections.
Based on a parsimonious Gaussian VAR(p) model estimated with U.S. quarterly data, we address
two monetary policy issues. First, in order to illustrate the impact of a new information on a filter,
we investigate whether the effects on the short rate (i.e. the reaction of the central bank) of a
new information on the one-year ahead expected inflation are stronger over the three last decades,
confirming the shift at the end of the 1970 to a more anti-inflationary monetary policy [emphasized,
for instance, in Brissimis and Magginas (2006), Castelnuovo and Surico (2010)]. Second, in order
to illustrate the impact of a new information on ”future path”, we investigate how the variables of
our model (and filters of theses variables) respond to the information of a stabilization of future
short term interest rates around the zero lower bound, as it has been announced by the FOMC at

the end of 2008.

8.1 Description of the Data

Our data set contains quarterly observations of the U.S. short-term zero-coupon bond yield ry, i.e
the one-quarter yield, the spread between the one-year zero-coupon yield and the one-quarter yield
St, the one-quarter inflation rate 7, and the growth rate of real Gross Domestic Product (GDP) ¢,
for the period from 1964:Q1 to 2010:Q3. The quarterly inflation rate m;, from ¢ — 1 to ¢, is given

by m = log(P;/P;_1), where P, is the price index level observed the last month of the quarter. The
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GDP growth over the period (¢t —1,¢) is given by ¢; = log(G¢/G-1), where G, is the real GDP level
at quarter t. The interest rate data are obtained from the Gurkaynak, Sack, and Wright (2007)
[GSW (2007), hereafter| data base!. The price index and the real GDP data are obtained from
the FRED database: P, is the seasonally adjusted consumer price index for all urban consumer (all
items, CPIAUCSL); G, is the seasonally adjusted real GDP level, in billions of chained 2005 dollars
(GDPC1). Summary statistics about the short rate and the spread S; = R; — r; (expressed on a

quarterly basis), the GDP growth and the inflation rate are presented in Table 1.

8.2 Model and Decompositions

We collect these variables in the four-dimensional vector Y; = (ry, Sy, g1, 7). We describe the joint

dynamics of Y; by the following Gaussian VAR(p) process:

p
Yi=v+Y &Y, j+e, (26)

j=1
where ¢, is a 4-dimensional Gaussian white noise with N (0, X) distribution [X denotes the (4 x 4)
conditional variance-covariance matrix|; ®;, for j € {1,...,p}, are (4 x 4) matrices, while v is
a 4-dimensional vector. On the basis of several lag order selection criteria (and starting from a
maximum lag of p = 4), the lag length is selected to be p = 3 (see Table 2), and the OLS estimation

of the model is presented in Table 3.

It is well known that any H-year nominal yield R,(H) can be decomposed into the following

two terms:

Ry(H) = EXy(H) +TP/(H), (27)

where

EX,(H) - %E (Hf th\Qt) (28)

h=0

is the expectation part of Ry(H), TP.(H) = Ry(H) — EX(H) is, by definition, the corresponding

4Each observation in our sample is given by the daily value observed at the end of each quarter.
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term premium and €2, is the available information set at date . In what follows we will consider
two main cases for ), depending whether it includes or not an information about the future path
of the short term interest rate (see sections 8.3 and 8.4). In addition, EX;(H) can be decomposed

into two components:

EX,(H) = EX,(H) + II;(H) (29)

where: ;
EX,(H) = %E (Z Teen | Q) (30)

h=1

is the expectation term of the real yield of residual maturity H, with 7,,1 = r; — 1 the one-quarter

real (ex-post) interest rate, while

0 (H) = = B (Z oo Q) (31)
h=1

is the inflation expectation over (¢,¢ + H). It is possible to show that these three components can
be written as linear filter of Y; = (1, S¢, g¢, @) and thus the NIRF approach can be adopted (see
Appendix 2). In particular, in the following two sections, we will consider the case H = 4 quarters

and we will apply the results presented in Section 6 and 7, respectively®.

8.3 Responses to a new information on the 1-year ahead expected in-

flation

Transmission delay of monetary policy to the economy and, more particularly, to the inflation
rate can lead central banks to adopt a pre-emptive strategy, responding to the forecasted value of
inflation instead of its actual or past value. For that reason, some authors have included in VAR
models variables supposed to reflect central banks expectations (Brissimis and Magginas (2006),

Castelnuovo and Surico (2010)). In the following, we show that the NIRF methodology is well

®Considering another maturity for H is possible, but requires the estimation of an affine term structure model.
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adapted to investigate forward-looking monetary policy strategies conducted by central banks. More
precisely, by means of the parsimonious VAR model presented above, we show how to analyze the
reaction of central banks to an increase (decrease) in the inflation expectation, given that the latter
can be expressed as a linear filter of the variables in the VAR (see Appendix 2) and, thus, the
technique of Section 6 can be applied.

In what follows we focus on responses of the short term interest rate, interpreted as the reaction
of the monetary policy, to an increase in the expectation of the one-year ahead inflation rate.
This information includes the following elements. First, in order to isolate specific effects of this
information, we assume that the instantaneous effect of the rise in the expectation of the 1-year
ahead inflation is one-for-one on the 1-year interest rate. In other words, we assume that the
instantaneous response of TP, + E\)/(t is zero. Second, we assume, as it is usual in empirical
literature, that the response of real GDP growth occurs with a one-quarter lag. In other words, the
instantaneous response of GDP growth is zero. In figure 1 we report responses of the short term
interest rate, of the one-year spread and of the expectation of one-year inflation before 1979:Q3
(dashed lines) and after 1979:Q4 (solid lines), when the increase in the 1-year ahead expected
inflation is one.

In both sub-samples, responses of the short term interest rate are positive, which is in accordance
with the conventional view of a monetary policy rule in which the central bank adjusts the policy
rate in response to (expected) inflation. However, magnitude of this adjustment depends on the
sample. Before 1979:Q3, the rise in the short rates is less than proportional to the increase in the
expected inflation, leading to an increase in the spread (as the response of the 1-year interest rate
is constructed to be one-for-one). In contrast, response of short term interest rate in the post-1979
period is twice the rise in expected inflation. The instantaneous response of the 1-year spread is
negative accordingly. In addition we notice that the impact on the expected inflation reverts faster
to zero in the post-1979 sample than in the pre-1979 period.

Evidences of a shift in the conduct of the U.S. monetary policy at the end of the 1970s have
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Figure 1: Responses to a shock on the 1-year ahead expected inflation, before 1979:Q3 (dashed lines) and after
1979:Q4 (solid lines)

been emphasized in the literature [see Judd and Rudebusch (1998), Clarida, Gali and Gertler (2000),
Boivin and Giannoni (2006), Lubik and Schorfheide (2004) among others]. This shift is associated
with a significant move to an active anti-inflationary monetary policy stance after 1979. Our results

also confirm these facts.
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8.4 Responses to unconventional monetary policy: effect of forward

policy guidance

Central banks are sometimes confronted to the key issue of how restoring good economic and
financial conditions when the short term interest rate is near the zero lower bound. For instance,
the U.S. Federal Reserve has been recently concerned with this problem. Among the set of measures
proposed to handle this issue, known as unconventional monetary policy measures, one is the forward
policy guidance. The idea is that if a central bank can credibly commit to future policy actions,
it can continue to manage longer-term interest rates to a level consistent with a given objective
of price stability and economic growth. Communication regarding the future path of short term
interest rate is the key ingredient to achieve this goal®.

Forward guidance on monetary policy has been recently implemented by the U.S Federal Reserve.
In its statement released in December 16, 2008, the FOMC announced ”that (anticipated) weak
economic conditions are likely to warrant exceptionally low levels of the federal funds rate for some
time”. A more recent example is the August 2011 FOMC statement: ”The commitee currently
anticipates that economic conditions - including low rates of resources utilization and a subdued
outlook for inflation over the medium-run - are likely to warrant exceptionally low levels for the
federal funds rate at least through mid-2013".

What are the (expected) responses of economic variables to such information? Does this com-
munication leads to reduce the medium and long term rates? Are these responses different from
those obtained without taking into account this information about the future path of the short term
rate?

Tools developed in section 7 allow us to address these questions. More precisely, we can estimate

the expected response of Y; = (7, Sy, ¢, m)’ and linear filters of Y; to this new information about

SThere are several examples of central banks using communication on the future path of short term interest rate,
for instance New Zealand, Norway and Sweden by means of policy rate projections, or Canada and Japan by means
of communication regarding the timing and conditions for rate moves.
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the future path of short term interest rate”.

In what follows, we assume that the path of future interest rate is supposed to remain unchanged
for a known given period. We report in figures 2 and 3 expected responses in 2009:Q1 (and for
the 8 following quarters) of r;, g¢,m, the 1-year interest rate and its components, namely II¢, EX,
and TP, when agents take into account the fact that short rate will remain constant over the 4
following quarters® (for the case of 8 quarters, see Appendix 3). In order to deal with the monetary
policy shift observed at the end of 1970s, and to perform real-time exercise, the VAR is estimated
over the period 1979:Q4 to 2008:Q4. We also report in dashed lines the expected response obtained
without taking into account future path of short term interest rates. Line with markers represent
realized ex-post values of corresponding variables.

It is worth noting that taking into account this new information significantly improves forecasts
of variables. Predictions of short term interest rate obtained from the VAR go to negative values
(see figure 2(a)). Similarly, expectations of the 1-year interest rate are significantly improved (figure
2(b)) and remain positive. This is notably due to a better prediction of the mean of future short
rates (see 2 (c)). Finally, we can note that forecasts of annual inflation is also improved (3(b)).
Similar results are obtained in the case of a future path of 8 quarters (see figures 4 and 5 in Appendix
3).

All in all, this empirical illustration stresses that considering information on future path of
variables is a key element not only for forecasting purposes, but also for a precise anticipation of the
future effects of a monetary policy intervention (i.e., a short rate path or scenario). New information

responses function methodology provide a promising framework for that purpose.

"It has to be noted that the Federal Reserve does not always communicate about the time slot during which short
rates will remain constant. In our application however this time is supposed to be known and, therefore, superior
and inferior limits of expected response could be obtained considering a range of possible horizon. This is beyond
the scope of the present illustrative exercise.

8This scenario is also suggested by market-based expectations of the future U.S. policy rate based on overnight
index swap.
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Figure 2: Responses to a new information in 2008:Q4 of a constant short term interest rate for the next 4 quarters.
Future path-dependent NIRF-based expected responses (grey solid line), ex-post realization (black solid line with
markers), VAR implied forecasts (grey dashed lines). The ex-post realizations at date ¢ reported in figures (c), (d)
and (e) are respectively % 22:0 Tiah, % Zi:l mean and Ry — % 22:0 r44+n where Ry is the 1-year interest rate.
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Figure 3: Responses to a new information in 2008:Q4 of a constant short term interest rate for the next 4 quarters.
Future path-dependent NIRF-based expected responses (grey solid line), ex-post realization (black solid line with
markers), VAR implied forecasts (grey dashed lines).

9 Conclusions and Further Developments

In this paper we propose a new methodology for the analysis of impulse response functions in VAR
models, which encompasses several standard approaches, such that orthogonalization of shocks
(Sims (1982)), the ”generalized” impulse responses of Pesaran and Shin (1998), or the impulse
vectors of Uhlig (2005). We also show that this methodology is well suited to analyse the effects of
a new information on the sign or on the average response of some variables, as well as on linear filters
of the basic variables of our model. It is also well adapted to study the effects of an information on
(possibly several) interval values associated to some innovation or some response at a given horizon,
or on the past or future paths of these basic variables.

In the last section of the paper we provide two empirical illustrations of the NIRF methodology
based on U.S. data. First, we focus on the impulse responses of the short-term term interest rate
to a new information on the one-year ahead expectation of inflation. We show that the U.S. federal
Reserve adjusts more significantly the short rate in the post-1979 period, confirming the shift to a
more aggressive anti-inflationary policy at the early 1980s. Second, in order to illustrate the impact

of a new information on a ”future path”, we investigate how variables of our VAR respond to the
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information released by the FOMC on December 2008, about the stabilization of future short term
interest rate around the zero lower bound. We show that taking into account this information is
critical and improves significantly forecasts of the macroeconomic and financial factors.

The results of this paper has been derived in the Gaussian case. If the distribution is no longer
Gaussian and if function a(.) is linear the results are still valid if we replace the notion conditional
expectation by the notion of linear regression. If a(.) is non linear, the conditional expectation
Elei]a(er) = a] might be approximated by Monte Carlo and kernel techniques.

The results could be also extended to VARMA (p,q). The interval constraints could be replaced
by more general set information tackled by Monte Carlo methods. Finally, the extension to the
nonlinear framework [see Gallant, Rossi, Tauchen (1993), Koop, Pesaran, Potter (1996), Gourieroux

and Jasiak (2005)] could be also an interesting line of future research.
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Appendix 1 : Tables.

Yields T S, g T
Mean 0.0143 0.0005 0.0074 0.0104
Std. Dev. 0.0076 0.0014 0.0085 0.0083
Skewness  0.7738 -0.0143 1.5200 0.2431
Kurtosis  4.2884  7.4666 4.4473  7.4491
Minimum 0.0001 -0.0055 -0.0207 -0.0329
Maximum 0.0398 0.0068 0.0385 0.0407

Table 1: Summary Statistics on U.S. 1-quarter short rate (r;), 4-quarters spread (S;), 1-quarter GDP
growth rate (¢g;) and inflation rate (m;) observed quarterly from 1964:Q1 to 2010:Q3 [Gurkaynak,
Sack and Wright (2007) data base for the 1-quarter and 4-quarters yields; FRED data base for GDP
growth rate (GDPC1) and inflation rate (CPIAUCSL)].

Lag p LR FPE AIC SIC HQ
0 N.A.  3.64e-19 -31.10 -31.03 -31.07
1 52851  2.23e-20 -33.89 -33.54* -33.75
2 63.41 1.84e-20 -34.08 -33.45 -33.83"
3 33.57 1.80e-20" -34.11* -33.19 -33.74
4 16.64  1.95e-20 -34.03 -32.84 -33.55

Table 2: Criteria for VAR order selection. Given a sample period of size T', and a n-dimensional Gaussian
VAR(p) process with empirical white noise covariance matrix Q(p), LR = (T —m)[log|Q(p—1)| —log|Q(p)|]
denotes, for each lag p, the sequential modified [Sims (1980)] likelihood ratio (LR) test statistic, where m
is the number of parameters per equation under the alternative. The modified LR statistics are compared

N

to the 5% critical values. FPE = [(T +np+ 1)/(T —np — 1)]" det(2(p)) denotes, for each lag p, the final
prediction error criterion. If we denote by log-L = —(T'n/2)log(2n) + (T/2)log(|Q(p)~t|) — (T'n/2) the
maximum value of the log-likelihood function associated to the VAR(p) model, AIC = —2log-L/T+2pn?/T,
SIC = —2log-L/T + (log(T)/T)pn? and HQ = —2log-L/T + (2log(log(T))/T)pn? denote, respectively and
for each lag p, the Akaike, Schwarz and Hannan-Quinn information criteria. For each criterion, and starting
from a maximum lag of p =4, (*) denotes the optimal number of lags.
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Ve

14 (I)l ‘I)g @3
re  -0.0013 0.6919 0.2615 0.1031 -0.0319 0.0389 -0.1286 0.0215 0.1148 0.1447 -0.0598 0.0567 0.0731
[-2.3975] [7.5388] [1.4478]  [4.0668] [-0.9528] [0.3555] [-0.6882] [0.7909] [3.4329] [1.5652]  [-0.3441] [2.2213] [2.1452]

Sy 0.0003  0.0040  0.3597  0.0093  0.0073  0.1276  0.1769  0.0092  -0.0395  -0.0979  0.0139  -0.0302  -0.0092
[1.1686]  [0.0898]  [4.0648] [0.7522]  [0.4450] [2.3785] [1.8766]  [0.6927] [-2.4133] [-2.1610] [0.1636]  [-2.4150] [-0.5555]

g 0.0047  -0.6772 02773 02388  -0.0702 0.3526  0.2542  0.2156  0.0178  0.3646 05419  -0.0176  -0.1255
[2.9315]  [-2.4584] [0.5116] [3.1391]  [-0.6992] [1.0726] [0.4401] [2.6383] [0.1782] [1.3133]  [1.0390]  [-0.2294] [-1.2263]

7 0.0010 05982  -0.0505 0.1067  0.1962  -0.4890 -0.7074  0.0416  0.2460  -0.0170  0.2202  -0.0375  0.2872
(0.8403]  [2.7956]  [-0.1200] [1.8058] [2.5137] [-1.9145] [-1.5763] [0.6563] [3.1554] [-0.0789]  [0.5436] [-0.6295] [3.6106]

Q x 10° Corr. log-L [ ]
6.52 -1.63 1.42 4.91 12 13 pia 3189.64  0.9653
0.2466) [-5.9387] [0.9450] [4.0162] -0.5097 0.0724  0.3227 0.8494
. 1.57 -1.30 -1.05 P23 P24 0.6493(¢)
0.2466] [-1.7577] [-1.8260] 20.1356  -0.1410 0.5191(°)
. 58.7 2.17 P34 0.4875
0.2466]  [0.6211] 0.0475 0.4847()
. 35.5 0.3877
[9.2466] 0.0794(°)

Table 3: Parameter estimates of the state dynamics X; = v + Z;’:l Q; Xy j + e, with Xy = (r¢, S, g, m) [Gurkaynak, Sack and
Wright (2007) data base for the 1-quarter and 4-quarters yields; FRED data base for GDP growth rate (GDPC1) and inflation rate
(CPTAUCSL); sample period : 1964:Q1 - 2010:Q3]. t-values are in brackets. p;; denotes the (empirical) correlation between (e5) and
(¢j¢). log-L denotes the maximum value of the log-Likelihood function. | | indicates the modulus of the roots of equation |® ()| =0,
with i(w) = (I49% — ®11p? — ®91p — ®3) denoting the characteristic polynomial; (¢) indicates a pair of complex conjugate roots.



Appendix 2. Decomposition of the long-term interest rate and application of the NIRF

methodology

The joint dynamics of Y; = (1, Sy, g¢, ™)’ is described by the following Gaussian VAR(p) process:
p
Y; =V -+ Z (ij;g_j + & (32)
j=1
that can be rewritten in a VAR(1) form:

Zy=v+®Z_ + ¢ (33)

where Z, = (Y/,Y{_,.... Y/ 1), v = (+,0,...,0) and

P, o,
](pxp) 0(pxp) 0(pxp)
P = O(PXP) I(pxzn) O(PXP)
0(pxp) ce I(pxp) 0(pxp)

where I(,xp is the (p x p) identity matrix and O(,xp) the (p x p) matrix of zeros.
Let us first assume that the set of information available to agents at date ¢ consists in the past and

present values of Z,, that is {2, = Z;. In this case:

E(roalQ) = &((I—®) "I — "5+ 0"2)
E(mnl®) = (I —®)7 (I - M5+ 2"2)
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where e; is the i column of the (4p x 4p) identity matrix. Therefore, we have:

EXi(H) = do(H)+co(H)Z, Hj(H)=di(H)+ c1(H)Z,
TP(H) = dy(H)+ co(H)Z, EX,(H)=ds(H)+ cs(H)Z,

where

T

do(H) = %6'1(1— ®)~! ( (I - ‘1>h)5>

co(H) = %e’l <Z_q>h>

h=0

>
Il
=)

d(H) = %eau—@)—l(

c(H) = %eﬁl (Zq)h>

dg(H) = —do(H), CQ(H):6,1—|—6,2—C()(H)

M=

(I — @h)ﬁ)

>
Il
—

dg(H) = dQ(H)—dl(H), Cg(H):CQ(H)—Cl(H)

Hence components of R;(H) can be expressed as linear filter of the variables in the VAR and, thus,
the technique of Section 6 can be applied (see Section 8.3).

Let us now assume that the set of information available at t also includes some information
regarding the future path of one variable in the VAR like the short rate r;. More precisely, we
assume that future values of the short rate are known until the date ¢t + H — 1. We denote by 7,
Ttt1s- Ty g1 these H known values of the short rate. Hence Q; = {ry, ...r,,7_1, Y21}

The NIRF of EX,;.r(H) at date t is given by:
B(EX o (H)IQ) — B(EX o (H)[Yiy) (34)

The first component of this expression is:
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E(EXt+k(H)|Qt) =

1 H-1
7F < E(Tt+k+h\9t+k)|9t>

E (Tt+k+h ‘ Qt)

where E (7y4p4n|Q) = Trpppn for h+k < H — 1.

Similarly, the NIRF of IIf(H) at date t is given by:

B (H)|$) = B (H)[Yie) -

The first component of this expression is:

B (H)[8) =

=

H
1
—F (Z E(Tgrsn|Qsr) |Qt>
h=1

1 H
—ZE 7Tt+k+h|Qt
h=1

=
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Appendix 3: The case of a short rate future path of 8-quarters.
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Figure 4: Responses to a new information in 2008:Q4 of a constant short term interest rate for the next 8 quarters.
Future path-dependent NIRF-based expected responses (grey solid line), ex-post realization (black solid line with
markers), VAR implied forecasts (grey dashed lines).
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(a) Annual real output growth (b) Annual inflation rate

Figure 5: Responses to a new information in 2008:Q4 of a constant short term interest rate for the next 8 quarters.
Future path-dependent NIRF-based expected responses (grey solid line), ex-post realization (black solid line with
markers), VAR implied forecasts (grey dashed lines).
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