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Abstract

We study manipulability of multi-valued solutions in fair allocation
of homogeneous indivisible objects with monetary transfers. We show
that the no-envy solution satis�es some extension of strategy-proofness
to multi-valued solutions. Since no-envy implies Pareto e¢ ciency in
this literature, this result implies that we can escape many impossibility
results on strategy-proofness by allowing a solution to be multi-valued
and extending strategy-proofness in an appropriate way. Nevertheless,
we show that no-envy is not immune to all forms of manipulations. In
that sense, we are able to identify what kind of manipulations occur.
Next, we derive impossibility results on the egalitarian-equivalence and
e¢ cient solution. The intuition that manipulability comes from single-
valuedness is not con�rmed by this solution. Finally, we show that there
is no subsolution of the Pareto and identical preferences lower bound
satisfying the notion of extended strategy-proofness used by Tadenuma-
Thomson (1995).
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1 Introduction

We consider the problem of fairly allocating homogeneous indivisible goods
when monetary compensations are possible and preferences are quasi-linear.
A solution is a correspondence which associate each preference pro�le with a
non-empty set of feasible allocations. Our purpose is to seek for solutions that
are immune to some form of strategic manipulations.
A central property on non-manipulability is strategy-proofness, which states

that no one can gain by misrepresenting his preference. Strategy-proofness is
a desirable property because it requires very little on behalf of the agents.
In the direct revelation mechanism, reporting truthfully his own preferences
is a (weakly) dominant strategy. The only thing that each agent needs to
know �apart from the obvious knowledge of the game form and of the possi-
ble outcomes associated with it� is that she is rational. No assumptions on
the behavior of other agents is necessary. However, it is known that in this
context, no reasonable solution is strategy-proof (Schummer, 1999; Svensson,
2000; Ohseto, 2000, 2003). On the other hand, strategy-proofness is well-
de�ned only for (essentially1) single-valued solutions, and we have few well-
behaved single-valued solutions in this literature. Therefore, the assumption
of single-valuedness itself is restrictive. We consider that many impossibil-
ity results on strategy-proofness may come from the underlying assumption of
single-valuedness rather than the property of strategy-proofness. The interest
in manipulability of multi-valued rules is not new. The �rst paper is Gibbard
(?). He considers correspondences but reduces them to functions by taking lot-
teries over alternatives selected. He obtains a random dictatorship theorem.
Related to Gibbard�s result, Barbera (1977), Kelly (1977) and Barbera-Dutta-
Sen (2001) also examine the manipulability of multi-valued rules. To examine
our question, we extend the de�nition of strategy-proofness to multi-valued so-
lutions in the following manner: Given a true preference pro�le, any allocation
that an agent can add to the solution by misrepresenting his preference is worse
than all allocations chosen under the true preference pro�le. Let us call this
property2 extended strategy-proofness II :We also review some extensions that
have been proposed in the literature (Ching-Zhou, 1991; Tadenuma-Thomson,

1A solution is essentially single-valued if every alternatives are welfare equivalent. That
is, each agent is indi¤erent between all the alternatives selected.

2In the de�nitions, we list the various extended strategy-proofness conditions starting
with the weakest. Strategy resistance (Jackson, 1992) is the weakest and ours comes next,
hence the name of extended strategy-proofness II. We list Tadenuma-Thomson�s condition
as extended strategy-proofness III though it cannot be compared to ours. However, both
extended strategy-proofness II and extended strategy-proofness III imply strategy-resistance.
Ching-Zhou comes last and is strongest than extended strategy-proofness II and extended
strategy-proofness III as shown in lemma 1.
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1996 and Jackson (1992)) and compare them to our de�nition. All these exten-
sions, including ours, coincide with strategy-proofness under the assumption of
single-valuedness.
Two solutions have played a central role in this literature. The no-envy

solution associates each preference pro�le with a set of feasible allocations at
which no agent prefers the consumption bundle of any other to his own. In
addition to its direct normative signi�cance, the no-envy solution is quite de-
sirable in that any envy-free allocation is Pareto e¢ cient (Svensson, 1983) and
meets an �identical preferences lower bound" (Bevia, 1996). The egalitarian-
equivalent e¢ cient (Pazner-Schmeidler, 1978) solution associates each pref-
erence pro�le with a set of feasible and e¢ cient allocations which has the
property that, for each allocation selected, agents are indi¤erent between the
bundle they are receiving and a common reference bundle.
First, we show that the no-envy solution satis�es extended strategy-proofness

II. As a corollary, it implies that strategy-resistance (Jackson, 1992) is also
satis�ed. This result strengthens the appeal of the no-envy solution from
the viewpoint of non-manipulability. Our result contrasts with many impos-
sibility results on strategy-proofness for single-valued solutions. In particular,
Ohseto (2000) shows that, when there is only one indivisible good, even on
�nitely restricted preference domains, there is no single-valued solution sat-
isfying strategy-proofness, Pareto e¢ ciency, and equal compensation (every
two agents who do not receive the indivisible good should receive the same
amount of money). Since no-envy implies both Pareto e¢ ciency and equal
compensation, our result suggests that we can escape Ohseto�s impossibility
result if we allow multi-valuedness. Next, we show that there is no subsolu-
tion of the Pareto and identical preferences lower bound solution3 that satis�es
Tadenuma-Thomson�s de�nition of non- manipulability.
We also examine another form of manipulations in which an agent reduces

undesirable part of allocations chosen under a true preference pro�le by mis-
representing his preference. We call this reduction-manipulation. We show
that4, for each preference pro�le, there exists an agent who can reduction-
manipulate the no-envy solution. This result also implies that Ching-Zhou�s
notion of non-manipulability cannot be satis�ed.
Hence, by enlarging the solution from single-valued to multi-valued, we

can escape negative results. It entails believing that our extended strategy-
proofness condition is a sensible one. Single-valuedness may therefore be too

3Note that the no-envy solution is contained in the Pareto and identical preferneces lower
bound solution.

4Under the restriction that among the agents who receive a real object, the one with
the lowest valuation has a valuation strictly greater than the agent who has the highest
valuation among those who receive a null-object.
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strong a requirement.
Next, we examine the manipulability of the egalitarian-equivalent solu-

tion. We show that no subsolution of the egalitarian-equivalent e¢ cient so-
lution satisfy strategy-resistance. This result is interesting in that it shows
a robustness of the manipulability of this solution. It is often viewed that
rules are manipulable essentially because they are single-valued. By extend-
ing strategy-proofness to correspondences, the previous result on the no-envy
solution sustains that conclusion. On the other hand, it is not con�rmed with
the egalitarian-equivalent e¢ cient solution. The manipulability problem in-
herent to egalitarian-equivalent e¢ cient allocations is therefore not related to
single-valuedness.
Finally, we also show that in the two agent case, there is no subsolution

of the Pareto solution satisfying Ching-Zhou�s notion of non-manipulability,
equal treatment of equals and neutrality.
The paper is organized as follows: Section 2 introduces de�nitions. Sec-

tion 3 provides the extended strategy proofness conditions we use. Section 4
contains characterization of the set of no-envy and the set of egalitarian-
equivalent allocations. Our main results on the manipulability of fair solutions
is in section 5. Finally, section 6 concludes the discussion.

2 De�nitions

Let N � f1; 2; : : : ; ng be a �nite set of agents. There are l (1 � l � n � 1)
units of homogeneous indivisible good, �. For convenience, we consider that
any agent who receives no indivisible good receives a �null�good, �. We allow
transfers of money among the agents. An allocation is a pair

z � (zi)i2N � (�(i);mi)i2N � (�;m);
where � : N ! f�; �g is a function such that j��1(�)j = l and m 2 RN is
such that

P
i2N mi = 0. Here �(i) is the indivisible object that i receives and

mi � 0 (resp. mi < 0) is the amount of money he is paid (resp. pays). Let Z
be the set of allocations.
Each agent i 2 N has a quasi-linear preference Ri over the consumption

space f�; �g�R, which is characterized by a single number vi 2 R such that for
eachmi 2 R, (�;mi) Ii (�; vi+mi). LetR be the set of quasi-linear preferences.
A preference pro�le is an n-tuple of preferences R � (R1; R2; : : : ; Rn) 2 RN .
Given R 2 RN , an agent i is an upper threshold at R if his evaluation vi is
n-th highest, i.e., jfvj 2 fv1; v2; : : : ; vng : vj � vigj = `. Similarly, i is a lower
threshold at R if his evaluation is n � ` lowest, i.e., jfvj 2 fv1; v2; : : : ; vng :
vj � vigj = n � `. Let �v; v 2 R be the evaluations of the upper and lower
thresholds at R, respectively.
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A solution is a correspondence from RN to Z which associates a pro�le
R 2 RN a non-empty set of allocations,  (R) � Z. The following is a familiar
e¢ ciency solution:

The Pareto solution, P: An allocation z 2 Z is Pareto e¢ cient for R 2 RN ,
if there exists no z0 2 Z such that for each i 2 N , z0i Ri zi and for some j 2 N ,
z0j Pj zj. Given R 2 RN , let P (R) be the set of Pareto e¢ cient allocations for
R.

By quasi-linearity of preferences, an allocation (�;m) is Pareto e¢ cient for
R if and only if for each i; j 2 N such that �(i) = � and �(j) = �, we have
vi � vj.
The next solution associates each preference pro�le to the set of allocations

at which everyone weakly prefers his own bundle to anyone else�s bundle:

The no-envy solution, F : An allocation z 2 Z is envy-free for R 2 RN , if
for each i; j 2 N , zi Ri zj. Given R 2 RN , let F (R) be the set of envy-free
allocations for R.

Under our assumptions on preferences, the no-envy solution is well-de�ned
(Alkan, Demange, and Gale, 1991, Theorem 2). 5 In this context, the no-envy
solution is a subsolution of the Pareto solution (Svensson, 1983, Theorem 2).
This relation much strengthens the appeal of the no-envy solution in that
fairness as envy-free is completely consistent with Pareto e¢ ciency.
The notion of egalitarian equivalence (Pazner and Schmeidler, 1978) states

that each agent should receive a consumption bundle that is indi¤erent to a
common �reference�consumption bundle. Our purpose is to examine the ro-
bustness of egalitarian-equivalent solutions to strategic manipulations. Given
R 2 R, an allocation z is �-egalitarian equivalent for R if there exists m�

� 2 R
such that for each i 2 N , zi Ii (�;m�

�). Let E
�(R) be the set of �-egalitarian

equivalent allocations for R. Similarly, z is �-egalitarian equivalent for R if
there exists m�

� 2 R such that for each i 2 N , zi Ii (�;m�
�). Let E

�(R) be the
set of �-egalitarian equivalent allocations for R.

Egalitarian-equivalent solution, E: For each R 2 R, let E(R) � E�(R)[
E�(R) be the set of egalitarian equivalent allocations.

The notion of identical preferences lower bound states that everyone should
bene�t from the diversity of preferences (Moulin, 1990). Given Ri 2 R, let
r(Ri) 2 Z be a �reference" allocation for Ri: it is the Pareto e¢ cient allocation
for the economy with the identical preference Ri such that for each j 2 N ,

5The existence can be derived as a corollary to one of our lemmas that characterizes
envy-free allocations (see, Lemma 2).
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ri(Ri) Ii rj(Ri). Note that such an r(Ri) is essentially unique in that if r(Ri)
and r0(Ri) are two reference allocations, ri(Ri) Ii r0i(Ri). Slightly abusing
language, we deal with r(Ri) as if it were a consumption bundle.

Identical preferences lower bound solution, Bip: For each R 2 R, let
Bip(R) � fz 2 Z : For each i 2 N; zi Ri r(Ri)g.

It is known that if n = 2, then F = Bip, and if n > 2, then F ( Bip (Bevia,
1996, Propositions 1 and 2).

3 Extensions of strategy-proofness

We begin by introducing the central property on manipulability of single-
valued solutions: no one can gain by misrepresenting his preference.

Strategy-proofness (for single-valued solutions): For eachR 2 RN , each
i 2 N , each R0i 2 R, and z 2  (R), z Ri  (R0i; R�i).

We present four extensions of strategy-proofness to multi-valued solutions.
They coincide with strategy-proofness if solutions are single-valued. The �rst
property states that any allocation obtained by a misrepresentation is not
better than an originally chosen allocation (Jackson, 1992) 6:

Extended strategy-proofness I: For each R 2 RN , each i 2 N , each R0i 2
R, and each z0 2  (R0i; R�i), there exists z 2  (Ri; R�i) such that zi Ri z0i.

Given a preference Ri 2 R and a set of allocations Z 0 � Z, we write
min(Ri; Z

0) Ri zi if for each x 2 Z 0, xi Ri zi. Consider an allocation obtained
by a misrepresentation that is not originally chosen. The next property states
that such an allocation is worse than all of the originally chosen allocations:

Extended strategy-proofness II: For each R 2 RN , each i 2 N , each
R0i 2 R, and each z0 2  (R0i; R�i), if z0 =2  (R), then min(Ri;  (R)) Ri z0i.

The next property prohibits the following situation: at any chosen alloca-
tion, there exists an agent such that if he misrepresents his preference, then he
can gain at all allocations chosen under the revised preference pro�le (Hurwicz,
1972; Tadenuma and Thomson, 1995):

Extended strategy-proofness III: For each R 2 RN , there exists z 2  (R)
such that for each i 2 N and each R0i 2 R, there exists z0 2  (R0i; R�i) for

6Jackson calls this property �strategy-resistance". He shows that this condition is nec-
essary for a solution to be fully implementable in undominated strategies using bounded
mechanisms.
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which zi Ri z0i.

A reformulation of extended strategy-proofness in terms of manipulation
may be bene�cial: there exists no R 2 RN such that for each z 2  (R), there
exist i 2 N and R0i 2 R for which for each z0 2  (R0i; R�i), z0i Pi zi.
The following property consists of two parts (Ching and Zhou, 2002): the

�rst part states that when an agent removes a chosen allocation by a misrepre-
sentation, then such an allocation is worse than all of chosen allocations under
the misreported pro�le; the second part is extended strategy-proofness II.

Extended strategy-proofness IV: For each R 2 RN , each i 2 N , and each
R0i 2 R,
1) for each z 2  (R) n  (R0i; R�i) and each z0 2  (R0i; R�i), zi Ri z0i,
2) for each z0 2  (R0i; R�i) n  (R) and each z 2  (R), zi Ri z0i.

We introduce a manipulability notion that is speci�c to multi-valued solu-
tions. An agent i can reduction-manipulate a solution  at R 2 RN if there
exists R0i 2 R such that  (R0i; R�i) (  (R) and for each z 2  (R)n (R0i; R�i),
min(Ri;  (R

0
i; R�i)) Pi zi.

Reduction-non-manipulability: There exist no i 2 N and R 2 RN such
that i can reduction manipulate  at R.

The next lemma summarized logical relations between the axioms de�ned
above:

Lemma 1. (i) Extended strategy-proofness IV implies both II and III, and
each of II and III implies I ;
(ii) Extended strategy-proofness III implies reduction-non-manipulability, while
Extended strategy-proofness II does not.

Proof. (i) is easy, so omitted. For (ii), it is also easy to see that extended
strategy-proofness III implies reduction-non-manipulability. The no-envy solu-
tion satis�es extended strategy-proofness II but is reduction-manipulable (see,
Theorems 2 and 3 in Section 5).

4 Preliminary results

We provide characterizations of the sets of envy-free allocations and egalitarian
equivalent allocations. These results are useful to understand how the set of
chosen allocations changes according to the misrepresentation of a preference.

Lemma 2. For each R 2 RN , an allocation z = (�;m) 2 Z is envy-free if and
only if there exists a partition of N , fN 0; N 00g, such that
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(i) for each i; j 2 N 0, �(i) = � and mi = mj,
(ii) for each i; j 2 N 00, �(i) = � and mi = mj,
(iii) when k = argmini2N 0 vi and h = argmaxi2N 00 vi, we have vk � vh,

mk 2 [�
n� `

n
vk;�

n� `

n
vh] and mh 2 [

`

n
vh;

`

n
vk]:

7

Proof. Let z � (�;m) 2 F (R). Let N 0 � fi 2 N : �(i) = �g and N 00 � fi 2
N : �(i) = �g. Since z 2 F (R), both (i) and (ii) hold. Let us verify (iii). Since
z 2 P (R), when k = argmini2N 0 vi and h = argmaxi2N 00 vi, we have vk � vh.
Note that (�;�n�`

n
vk) Ik (�;

`
n
vk) and (�;�n�`

n
vh) Ih (�;

`
n
vh): If �n�`

n
vk >

mk, then agent k envies agent h. If mk > �n�`
n
vh, then agent h envies agent

k. Therefore, mk 2 [�n�`
n
vk;�n�`

n
vh], and by feasibility, mh 2 [ `nvh;

`
n
vk].

Conversely, let z 2 Z satisfy (i)-(iii) associated with a partition fN 0; N 00g.
Let i; j 2 N . If either i; j 2 N 0 or i; j 2 N 00, then by (i) and (ii), zi Ii zj.
Hence, suppose that i 2 N 0 and j 2 N 00. When k = argmini2N 0 vi and h =
argmaxi2N 00 vi, by vi � vk and (iii), (�;mi) Ri (�;�n�`

n
vk) Ri (�;� `

n
vk) Ri

(�;mj): Similarly, by vh � vj and (iii), (�;mj) Rj (�;
`
n
vh) Ri (�;�n�`

n
vh) Ri

(�;mi): Therefore, z 2 F (R).

When z; z0 2 F (R), if agents receiving � prefer zi to z0i, agents receiving
� prefer z0i to zi, and vice versa. Hence, there are the ��-optimal" and ��-
optimal" envy-free allocations for R. In language of the above lemma, these
allocations are characterized by mk = �n�`

n
vh and mh =

`
n
vk, respectively.

Lemma 2 states that the �-optimal (resp. �-optimal) envy-free allocation is
determined by the preference of the agent whose evaluation is highest among
those who receive the null object (resp. real object). This fact suggests that
no agent who receives � can manipulate the no-envy solution in such a way
that the �-optimal envy-free allocation is improved. Also, it suggests that
enlarging the set of envy-free allocations in a favored way is impossible. These
intuitions are con�rmed by the following possibility theorem:
Next we discuss the egalitarian equivalent solution and its subsolutions.

The following is a characterization of the set of egalitarian-equivalent alloca-
tions:

Lemma 3. For each R 2 RN , z 2 Z is �-egalitarian equivalent for R if
and only if for each i 2 N�(z), mi = �

P
j2N� (z) vj

n
, and for each i 2 N �(z),

mi = vi �
P
j2N� (z) vj

n
.

7Tadenuma and Thomson (1995, Lemma 1) provides the same characterization when
there is only one real object.

8



Proof. It is easy to see that if z 2 Z is such that for each i 2 N�(z), mi =

�
P
j2N� (z) vj

n
, and for each i 2 N �(z), then it is �-egalitarian equivalent for R.

Conversely, let z � (�;m) 2 Z be �-egalitarian equivalent for R. Without
loss of generality, assume that N �(z) = f1; 2; : : : ; n � lg and v1 � v2 � � � � �
vn�l. Since z is �-egalitarian equivalent, all agents in N�(z) receive the same
amount of money, x 2 R. For each i 2 N �(z), since (�; x) Ii (�;mi), mi� vi =
x. Note that for each i; j 2 N �(z) with vi � vj, mj is greater than mi exactly
by vj � vi. Therefore,

n�lX
i=1

mi = m1 + (m1 + (v2 � v1)) + (m1 + (v3 � v1)) + � � �+ (m1 + (vn�l � v1))

= (n� l)m1 +
n�lX
i=2

vi � (n� l � 1)v1 = (n� l)(m1 � v1) +
n�lX
i=1

vi = (n� l)x+
n�lX
i=1

vi:

By budget balancedness, (n� l)x+
Pn�l

i=1 vi+ lx = 0. Hence, x = �
Pn�l
i=1 vi
n

.

This lemma implies that any �-egalitarian equivalent allocation is charac-
terized by valuations of agents who receive �. Thus, whenever the set N �(z) is
unchanged, any agent i 2 N �(z) can increase his money by reporting v0i > vi.
This fact suggests the di¢ culty of egalitarian-equivalent solutions on the satis-
faction of our strategy-proofness axioms. Since �-egalitarian equivalence and
�-egalitarian equivalence are symmetric, the characterization of �-egalitarian
equivalent allocations is also obtained.

Lemma 4. For each R 2 RN , z 2 Z is �-egalitarian equivalent for R if and
only if for each i 2 N�(z), mi = vi �

P
j2N�(z) vj

n
, and for each i 2 N �(z),

mi = �
P
j2N�(z) vj

n
.

The following is a characterization of reference bundles for the identical
preferences lower bound:

Lemma 5. For each Ri 2 R, r(Ri) = (�;�n�`
n
vi) (or, alternately, (�; `nvi)).

Proof. Since the set of allocations that meet equal treatment of equals for
(Ri; Ri; : : : ; Ri) coincides with the set of envy-free allocations F (Ri; Ri; : : : ; Ri),
this immediately follows from Lemma 2.

5 Manipulability of fair solutions

We �rst show that various subsolutions of the egalitarian equivalent solution
are not robust to strategic manipulations. They cannot even satisfy extended
strategy-proofness I.
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Theorem 1. The following solutions do not satisfy extended strategy-proofness I :
the egalitarian-equivalent solution, the �-egalitarian equivalent solution, the
�-egalitarian equivalent solution, and all subsolutions of the Pareto and egali-
tarian equivalent solution.

Proof. It is obvious by Lemmas 3 and 5 that none of E, E�, and E� satis�es
extended strategy-proofness I.
Suppose, by contradiction, that there exists  � PE satisfying strategy-

resistance. Let R 2 RN be such that v � (0; 0; : : : ; 0). Let z 2  (R). Without
loss of generality, we can assume that

z = ((�; 0); : : : ; (�; 0)| {z }
l

; (�; 0); : : : ; (�; 0)| {z }
n�l

):

Note that max(R1;  (R)) = (�; 0).
Let R0 2 RN be such that v0 � (1; 0; : : : ; 0). We claim that every z0 2  (R0)

is �-egalitarian equivalent. Indeed, if there exists z0 2  (R0) that is �-
egalitarian equivalent, then z01 = (�; 1 � 1

n
). However, then agent 1 can ma-

nipulate  at v via v0. Therefore,  (R0) � E�(R0). Without loss of generality,
assume that agent n is such that for some z0 2  (R0), z0n = (�; 0).
Let R00 2 RN be such that v0 � (1; 0; : : : ;�1). Let z00 2  (R00). If z00 is

�-egalitarian equivalent for R00, then z00n = (�;�1 + 1
n
). If z00 is �-egalitarian

equivalent for R00, then z00n = (�;
1
n
). Therefore, z0n P

00
n max(R

0
n;  (R

00)). This
implies that agent n can manipulate  at v00 via v0. This is a contradiction.

In view of Theorem 1, a natural question is whether the no-envy solution
satis�es extended strategy-proofness I. Our answer is positive. The no-envy
solution in fact satis�es more stronger version:

Theorem 2. The no-envy solution satis�es extended strategy-proofness II.

Proof. Let z 2 F (R). Without loss of generality, assume that v1 � v2 � � � � �
vn,

N 0 � fvk; vk+1; : : : ; vng = fi 2 N : �(i) = �g;
and

N 00 � fv1; v2; : : : ; vk�1g = fi 2 N : �(i) = �g:
Let j 2 N and R0j 2 R. We shall characterize the set F (R0j; R�j). Let

z0 � (�0;m0) 2 F (R0j; R�j).
Case (i) j > k:

Subcase (i-i) vk � v0j: Then, F (R) = F (R0j; R�j).
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Subcase (i-ii) vk�1 � v0j < vk: Then, �0(j) = � and m0
j 2 [ `nv

0
j;
`
n
vk].

Subcase (i-iii) vk�2 � v0j � vk�1 � vk: Then, �0(j) = � and

m0
k 2 [�

n� `

n
vk�1;�

n� `

n
v0j] and m

0
k�1 2 [

`

n
v0j;

`

n
vk�1]:

Subcase (i-iv) v0j < vk�2 � vk�1 � vk: Then,

m0
k 2 [�

n� `

n
vk�1;�

n� `

n
vk�2] and m0

k�1 2 [
`

n
vk�2;

`

n
vk�1:]

Since

max(Rj; F (R)) Ij (�;�
n� `

n
vk�1) and min(Rj; F (R)) Ij (�;

`

n
vk);

in either subcase, whenever w =2 F (R), min(Rj; F (R)) Rj wj.
Case (ii) j = k:

Subcase (ii-i) vj < v0j: Then, �
0(j) = � and mj 2 [�n�`

n
vk�1;�n�`

n
vk+1].

Subcase (ii-ii) vk�1 < v0j < vj: Then, �0(j) = � and mj 2 [�n�`
n
v0j;�n�`

n
vk�1].

Subcase (ii-iii) v0j = vk�1: Then, either wj = (�;�n�`
n
vk�1) or wj = (�; `nvk�1).

Subcase (ii-iv) v0j < vk�1: Then, �0(j) = � and mj 2 [maxfv0j; vk�2g; `nvk�1].
As in Case (i), we have

max(Rj; F (R)) Ij (�;�
n� `

n
vk�1) and min(Rj; F (R)) Ij (�;

`

n
vk):

Thus, in either subcase, we have max(Rj; F (R)) Rj wj. Furthermore, when-
ever w =2 F (R), min(Rj; F (R)) Rj wj.
Case (iii) j = k � 1: Parallels to Case (ii).
Case (iv) j < k � 1: Parallels to Case (i).

Theorem 2 contrasts with many impossibility results in the literature. In
particular, it is known that, when there are two agents, the class of single-
valued and strategy-proof solutions can be characterized by certain forms of
constancy or dictatorship (Schummer, 2000, Theorem 1). Also, when there is
only one real object, even on �nitely restricted domains, there is no single-
valued subsolution of the Pareto solution satisfying strategy-proofness and
equal compensation 8 (Ohseto, 2000, Theorem 1). The no-envy solution is a
subsolution of the Pareto solution that satis�es equal compensation and do not
exhibit any constancy or dictatorship. Hence, our theorem implies that we can
escape Schummer and Ohseto�s impossibility theorems if we allow solutions to
be multi-valued and extend strategy-proofness to extend strategy-proofness II.

8Every two agents who receive null objects should receive the same amount of money
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Though the no-envy solution satis�es extended strategy-proofness II, it is
not immune to reduction manipulations. The next theorem characterizes the
situations at which the no-envy solution is reduction-manipulable in terms of
upper and lower thresholds.

Theorem 3. For each R 2 RN , the no-envy solution is reduction-manipulable
at R if and only if v > v.

Proof. We prove this theorem only for the three agent case where N = f1; 2; 3g
and v � (�3; 2; 3). It can be easily generalized to any �nite number of agents
and any preference pro�le. Indeed, a general proof can be obtained in a similar
way as Theorem 2 using Lemma 2, so we omit it.
By Lemma 2, any (�;m) 2 F (R) is characterized by �(1) = � and

m1 2
�
�2; 4

3

�
and m2 2

�
�2
3
; 1

�
:

Figure 1 describes the set of envy-free allocations in this economy.
One important thing to observe in the �gure is that the upper bound �in

terms of utility�from agent 2 and 3�s point of view is entirely determined by
agent 1, the agent who gets a null object. Indeed, this corresponds to the lower
bound from agent 1�s point of view. On the other hand, agent 2, the one with
the second highest valuation for the real object determines the lower bound
from agent 2 and 3�s perspective. Consider agent 29. Suppose he reports a
valuation v1 < v02 < v2. Since the valuation for the real object he reports is

9Agent 3 can indeed also reduction-manipulate the solution.
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lower, agent 2 cannot pay as much as before. The consequence is a shift in the
lower bound of m2 to m0

2. That is,

m0
2 2

�
�2
3
+ "; 1

�
, " > 0.

Therefore, any agent who obtains a real object may reduction manipulate
the no-envy solution. Also, observe that agents who obtain a null object can
also reduction-manipulate the solution. By reporting v01 < v1, agent 1 shift his
own lower bound to the left so this is not pro�table. But by reporting v01 > v1,
it does in�uence the lower bound of m1 which changes to m0

1,

m0
1 2

�
�2 + "; 4

3

�
; " > 0.

Indeed, the argument extends to any �nite number of agents, any number
of possible preference pro�les and any number of real objects ` � n � 1.
Notice that the reason why we need that �vi > vi is because the set of no-envy
allocation is otherwise essentially singleton.

When there is only one real indivisible object, it is known that no subsolu-
tion of the no-envy solution satis�es extended strategy-proofness III (Tadenuma
and Thomson, 1995, Theorem 1). The next theorem generalizes this impossi-
bility result by allowing several real objects to exist and enlarging the no-envy
solution to the Pareto and identical preferences lower bound solution:

Theorem 4. There is no subsolution of the Pareto and identical preferences
lower bound solution satisfying extended strategy-proofness III.

Proof. Suppose, by contradiction, that there exists  � PBip satisfying ex-
tended strategy-proofness III. Let R 2 RN be such that

v � (1; 1; : : : ; 1| {z }
`

; 0; 0; : : : ; 0| {z }
n�`

):

Let z � (�;m) 2  (R). Since z is Pareto e¢ cient, �(1) = �.

Case 1. m1 < 0: This is the the case that agent 1 prefers his optimal
envy-free consumption bundle (�; 0) to zi. Since r(Ri) = (�;�n�`

n
),

�n� `

n
� m1 < 0:

If agent 1 reports v01 such that

m1 < �
n� `

n
v01 < 0;
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then by r(R01) = (�;�n�`
n
v01), for each z

0 2  (R01; R�1), z01 P1 z1. Thus, agent 1
can manipulate  at z.

Case 2. 0 � m1: By  � PBip, every i 2 f1; 2; : : : ; `g receives (�;mi)

such that mi � �n�`
n
. This implies that there exists i 2 f` + 1; ` + 2; : : : ; ng

who prefers his optimal envy-free consumption bundle (�; `
n
) to zi. Then, by

the same logic as Case 1, this agent can manipulate  at z.

Thus, for each z 2  (R), there exists an agent who can manipulate  at z.
This contradicts extended strategy-proofness III.

Recall that the no-envy solution is a subsolution of the Pareto and iden-
tical preferences lower bound solution. Therefore, this theorem implies that
none of the no-envy solution and its subsolutions satis�es extended strategy-
proofness III. However, if we replace extended strategy-proofness III to II, we
instead obtain a possibility result, since the no-envy solution satis�es it.
We introduce a familiar fairness axiom: two agents whose preferences are

the same should receive consumption bundles at which they are indi¤erent.

Equal treatment of equals: For each R 2 RN , each z 2  (R), and each
i; j 2 N , if Ri = Rj, then zi Ii zj (and so zi Ij zj).

All subsolutions of F;E;E�; E� satisfy equal treatment of equals.
We also discuss a mild neutrality property introduced by Tadenuma and

Thomson (1991): the names of objects should not matter: if an allocation is
obtained from a chosen allocation by an indi¤erent permutation, then it should
also be chosen. Given two allocations z; z0 2 Z and a pro�le R 2 RN , we write
z 'R z0 if for each i 2 N , zi Ii z0i, and there is a bijection � : N ! N such
that for each i 2 N , z�(i) = z0i.

Neutrality: For each R 2 RN , each z 2  (R), and each z0 2 Z, if z 'R z0,
then z0 2  (R).

Neutrality is justi�ed in terms of informational restriction in aggregation.
All solutions introduced in Section 2 are neutral.
We obtain a negative result on extended strategy-proofness IV when n =

2. 10

Theorem 5. Assume that n = 2. There exists no subsolution of the Pareto
solution satisfying extended strategy-proofness IV, equal treatment of equals,
and neutrality.

Proof. Suppose, by contradiction, that there exists  � P satisfying extended
strategy-proofness IV, equal treatment of equals, and neutrality.

10It is unknown whether this results can be extended to the case n > 2.
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Let R 2 RN be such that v � (1; 0). Since there are in�nitely many envy-
free allocations for R, if we show that for each z 2 F (R),  (R) = fzg, this is
a contradiction.
Let z 2 F (R). Let R0 2 RN be such that R01 = R02 and z1 I

0
1 z2 (and

so z1 I02 z2). By equal treatment of equals and neutrality,  (R
0) = fz0 2 Z :

For some � 2 �; z0 = �(z)g.

Step 1.  (R1; R
0
2) = fzg: Let x 2  (R1; R

0
2). If x1 P

0
1 z1, then by

x 2  (R1; R
0
2) n  (R0), Part 2 of extended strategy-proofness IV is not met.

If z1 P 01 x1, then by z1 P1 x1 and x 2  (R1; R
0
2) n  (R0), Part 1 of extended

strategy-proofness IV is not met. Hence, x1 I01 z1. By Pareto e¢ ciency, agent 1
receives � both at z1 and x1. Thus, x1 = z1. Hence, x2 = z2, so x = z.

Step 2.  (R) = fzg: This step can be proved by an identical way to
Step 1, so we omit it.

Remark 1. The impossibilities of Theorems 1, 4, and 5 hold even on more
restricted preference domains. One can easily observe that it su¢ ces that the
domain of valuations is a real interval.

Remark 2. When there are several types of objects, the set of Pareto and
egalitarian-equivalent allocations and the set of envy-free allocations do not
always intersect (Thomson, 1990). One can easily observe from Lemma 3 that
the same relation holds in our case.

6 Conclusion

1) The egalitarian-equivalent e¢ cient and the no-envy solutions di¤er with
respect to possible manipulations. On the one hand, results on the no-envy
solution con�rm that requiring single-valuedness may be too demanding. On
the other hand, this intuition is not con�rmed by the egalitarian-equivalent
e¢ cient solution.

2) The results show that we can escape some recent negative results (see
e.g. Schummer, 1999; Svensson, 2000; Ohseto 2000 and 2003) in indivisible
goods models. However, even the positive results on the no-envy solution
have some limitations. We have been able to identify what kind of manipula-
tions occur. Adding allocations to the selection by misrepresenting preferences
cannot be pro�table, but an agent can gain by eliminating some allocations.
Thus, the positive results may be contrasted by the persistence of some form
of manipulations.
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3) Extended strategy proofness III is very demanding. No subsolution of
the Pareto and indentical preferences lower bound satisfy it.

4) Future work should seek to look at other possible de�nitions of extended
strategy proofness and look at other fair solutions. Moreover, whether or not
these results extend to other domains or other environments is not known
yet. In particular, whether one obtains negative results in environments like
exchange economies is an important question to address.

5) Extended strategy proofness I has been identi�ed by Jackson (1992)
as a necessary condition for implementation in undominated strategies using
bounded mechanisms. Undominated strategies is also a very weak solution
concept. We do not know yet what su¢ ciency requires. It would be of interest
to derive a necessary and su¢ cient condition for solutions to be implementable
in undominated strategies. The next step would then be to construct simple
mechanisms to implement them.
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